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A BSTRACT: We investigate how a principal’s knowledge of agents’ higher-order
beliefs impacts his ability to robustly implement a given social choice function. We
adapt a formulation of Oury and Tercieux (2012): a social choice function is continuously implementable if it is partially implementable for types in an initial model
(here, common knowledge of preferences) and “nearby” types. We characterize
when a social choice function is truthfully continuously implementable, i.e., using
game forms corresponding to direct revelation mechanisms for the initial model.
Our characterization hinges on how our formalization of the notion of nearby preserves agents’ higher order beliefs. If nearby types have similar higher order beliefs, truthful continuous implementation is roughly equivalent to requiring that
the social choice function is implementable in Strict Nash equilibrium in the initial
model, a very permissive solution concept. If they do not, then our notion is equivalent to requiring that the social choice function is implementable in rationalizable
strategies in the initial model, and further that there be a unique rationalizable
strategy. This is a very restrictive requirement. If only ordinal preferences are common knowledge among agents, a mild richness condition implies that the social
choice function must be dictatorial. Truthful continuous implementation is thus
impossible without non-trivial knowledge of agents’ higher order beliefs.
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1. I NTRODUCTION
The Wilson Doctrine exhorts mechanism designers to consider the possibility that they
do not perfectly understand the information structure among agents.1 Motivated by these
concerns, a growing literature on robust mechanism design, beginning with the seminal
Bergemann and Morris (2005), investigates how the desire for robustness constrains a
principal who does not know the exact information structure among the agents.2 In this
paper, our aim is to isolate how a desire for robustness impacts a principal who is solely
unsure about agents’ higher-order beliefs, i.e. beliefs about each other’s beliefs etc. Distinguished contributions in the game theory literature inform us that predictions in a given
strategic situation can be very sensitive to agents’ higher-order beliefs (e.g. Rubinstein
(1989) or Weinstein and Yildiz (2007)). Our question thus concerns how these higherorder beliefs play a role when the principal can design the game among the agents.
We start from a standard implementation setting: there are finite sets of agents, states
and alternatives. The planner would like to (partially) implement a given social choice
function, i.e. a function from possible states to alternatives. The state is unknown to the
principal. As a baseline, suppose this state is common knowledge among agents. In this
case, it is well known that any social choice function is trivially partially implementable
given three or more agents. But what if the principal is not sure whether the state is exactly
common knowledge among agents, but would nevertheless like the social choice function
to be partially implemented “close to” common knowledge?3
For the sake of motivation, consider two applied settings. The first corresponds to say
a government natural resource auction setting. All agents in the auction rely on, and
know that other agents also rely on etc., the same set of extremely accurate geological
surveys (with the proviso that they might slightly disagree on what these mean). In this
case, not only do agents know that others roughly agree with their estimates, but also
know that other agents know that others roughly agree and so on—the “state” is roughly
common knowledge among agents, even if the principal does not exactly know what the
agents know about each other. By contrast, consider a voting setting over some alternatives. All agents may individually be well informed about the alternatives: e.g. all of
them read highly informative, fair and balanced newspapers. However, agents may not
be sure whether other agents read such newspapers or (uninformative/ biased) tabloids,
1

“Game theory . . . is deficient to the extent it assumes other features to be common knowledge, such as one
player’s probability assessment about another’s preferences or information. . . . Only by repeated weakening of common knowledge assumptions will the theory approximate reality.” Wilson (1987)
2
We extensively discuss the related literature in Section 1.2.
3
Formally, we adapt the formulation of Oury and Tercieux (2012) and revisit the question of when a social
choice function is continuously implementable. Our paper substantially builds off their work, we defer a
fuller discussion of the details to Section 1.2.
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or whether other agents are suspicious of their readership habits etc. Even if the principal is reasonably sure that each of the agents is very well informed, there is substantial
uncertainty about what agents think about each other.
We wish to understand how robustness with respect to these two kinds of settings
differs. Our findings can be, at a high level, summarized thus: Settings like the former , i.e.
where despite not knowing the exact information structure, the principal nevertheless has
some information about the agents’ higher-order beliefs, are not much more constraining
than the baseline of exact common knowledge. By contrast, if the agents’ higher-order
beliefs may be arbitrary, then the principal is severely restricted—to the point where in
some settings the only implementable social choice functions are those that are dictatorial.
In other words, when the principal is unsure about the agent’s higher order beliefs, she
cannot construct a game such that agents robustly reveal the state to the principal. Unless one of the agents’ preferences aligns with the principal’s state by state, the principal
cannot robustly implement her desired social choice function.
1.1. Model and Results
Let us now be slightly more formal in describing the setting and our results. To repeat
from earlier, in our setting there are finite sets of agents, states and alternatives. The
planner would like to (partially) implement a given social choice function, i.e. a function
from possible states to alternatives. The state is unknown to the principal. The baseline
model/ information structure is that the state is common knowledge among agents.
We restrict attention to mechanisms where each agent’s message space is the set of
states, i.e. a direct revelation mechanism in the baseline model. Of course, restricting
attention to this space of mechanisms is with loss if we consider richer models.4 However,
we feel that this is a natural restriction to consider since direct revelation mechanisms
are without loss under the baseline model due to the Revelation Principle. One way
to interpret our restriction is that it formalizes conditions under which a principal who
believes the state of the world is common knowledge among agents and therefore uses
a direct revelation mechanism is nevertheless able to implement his desired social choice
function when he is “slightly” wrong. Under this interpretation, our notion of truthful
continuous implementation is a robustness check to the standard revelation principle.
Further, conceptually, by limiting the message space, we rule out “detail-free” mechanisms that simply elicit these details from the agents and then proceed akin to standard
mechanism design. Such mechanisms, it may be argued, obey the letter but not the spirit
of a robustness exercise.
4

Formally, there exist social choice functions that are continuously implementable by general mechanisms
but not truthfully continuously implementable in the sense of Definition 3—see e.g. the example 4.1 in the
working paper version of Oury and Tercieux (2012).
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We use the standard formulation of incomplete information introduced in Harsanyi
(1967) and developed in Mertens and Zamir (1985). We require that in any (epistemic)
model that embeds our baseline model, there is an equilibrium of the direct revelation
mechanism that yields the desired social choice function at all types close to the initial
common knowledge types. We term this requirement truthful continuous implementation
(the additional modifier of “truthful” to the notion of Oury and Tercieux (2012) reflecting
our restriction to this limited class of mechanisms).
We formalize the examples discussed previously by considering continuity with respect to two topologies on the universal type space. The first, the uniform-weak topology,
(see e.g. Monderer and Samet (1989) and Chen, Di Tillio, Faingold, and Xiong (2010)) is
roughly a topology that preserves common knowledge, i.e. types close to the common
knowledge types in this topology still have approximately common knowledge of the
state in the following sense: for some p close to 1, they assign probability no smaller than
p to the state, assign probability no smaller than p to the event that the state obtains and
the other players assign probability no smaller than p to the state, and so forth, ad infinitum. We show that under this topology, roughly, a social choice function is truthfully
continuously implementable if and only if it can be implemented in Strict Nash Equilibrium in the baseline common knowledge model (Corollary 1, Theorem 2). We argue that
implementation in Strict Nash Equilibrium is a permissive solution concept: for example
with three or more agents, it is enough that the social choice function never attempts to
implement the worst alternative of at least three agents (corollaries in Section 3.2).
The second, the product topology, used in Weinstein and Yildiz (2007) places no restrictions on agents’ higher order beliefs. Formally, types close to the common knowledge
types in the product topology attach large probability to the state up to arbitrarily high
but finite order. We show that under this topology, roughly, truthful continuous implementation is equivalent to the requiring that the social choice function be implementable
with a mechanism such that, in the baseline common knowledge model, each agent has
a unique rationalizable action, and the desired alternative of the social choice function
obtains if each agent plays this unique rationalizable action (Theorem 3).
To argue that this is a very demanding solution concept in the strongest possible form,
we consider the ordinal setting considered in the early implementation literature. In other
words, we only assume agents know each others’ ordinal preferences over alternatives,
not the cardinal utilities. Rationalizability therefore involves considering all cardinalizations that are consistent with the ordinal preferences. We characterize truthful continuous
implementation with respect to the product topology in this setting to be requiring that
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the social choice function be uniquely ordinal rationalizable implementable in the original common knowledge model (Theorem 5).5 The results of Börgers (1992) then imply
that as long as the set of possible states includes all unanimous profiles over the alternatives, the social choice function must be dictatorial (Corollary 8). No appeal to a full or
rich domain is required.
To get some intuition for our characterization result in the product topology, recall the
work of Weinstein and Yildiz (2007). They consider a given game of incomplete information. They assume a form of richness: for each player, and each action of that player,
there exists a “crazy type” whose preferences make that action strictly dominant. Their
main result is to show that for any action a that is rationalizable for a (normal) type in
the game, there exist close-by types in the product topology for whom that action is the
unique rationalizable action. The possibility of aforementioned crazy types is used to
start a contagion process, with the strict dominance used to break ties.
In an implementation setting, this assumption of crazy types is not well grounded,
since the game form is chosen by the planner and therefore not fixed a priori. Further, we
are after a partial equilibrium result, i.e. there exists one equilibrium of the game with the
desired properties.6
Instead our result in the product topology builds off of our result in the uniform-weak
topology. Closeness in the uniform-weak topology implies closeness in the product topology. By our results in the former topology, we know that the social choice function must
be implementable in Strict Nash Equilibrium. Our contagion begins from the putative
equilibrium where an agent with a type that believes a state is common knowledge sends
the message corresponding to that state. Recall further that we are considering implementation with DRMs, i.e. for every message an agent could send there is a corresponding
state: in other words, the equilibrium has full range. Strict NE implies that in the state
where an agent believes that a state is common knowledge it is a strict best response for
him to send the corresponding message. We use these types as a substitute for the crazy
types described above—these are sufficient since we are indeed arguing the existence (or
lack thereof) of a single equilibrium.
Take any rationalizable strategy si for a player i at complete information at some state.
We can construct a sequence of types that converge to the complete information type in
the product topology for which this strategy is the unique best response, in a manner similar to Weinstein and Yildiz (2007) (and also Weinstein and Yildiz (2004): see discussion
after the proof of the theorem). Roughly, put most of the mass of i0 s beliefs on the fact
5Our definition of ordinal rationalizable differs slightly from that in Börgers (1993). See Definition 8 and

the discussion that follows for details.
6In this sense, there is a tighter connection between our results and those of Weinstein and Yildiz (2004), we
discuss the details after we introduce our formal result, Theorem 3.
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the others will play the strategies that rationalize si , and a small probability that the state
corresponding to the strategy si is indeed the true state and everyone is playing that. The
latter playing this strategy makes this a strict best response. Therefore, at any Bayes-Nash
Equilibrium of the incomplete information game in this model, these constructed types
must be playing the rationalizable strategy si . From the fact that the social choice function
is continuously implementable, therefore, we have rationalizable implementation as desired. We defer a fuller verbal description to after we introduce the formal result, Theorem
3.
1.2. Related Literature
There is a large, influential literature on the connection between higher-order beliefs
and strategic behavior, beginning with the email game paper of Rubinstein (1989) and
the subsequent global games paper of Carlsson and Van Damme (1993), too large to comprehensively cite here. Indeed, within this field there are now at least two influential approaches: the ex-ante approach of e.g. Kajii and Morris (1997), and the interim approach
of Weinstein and Yildiz (2004) and Weinstein and Yildiz (2007). As we stated earlier, our
approach borrows ideas from the latter.
There is also a large literature considering robustness in mechanism design. It bifurcates into “global” and “local” approaches.7 In global approaches (see e.g. the pioneering
works of Bergemann and Morris (2005); Chung and Ely (2007)) the planner has no information on the information structure (model) that will prevail among agents. The goal
therefore is to implement the social choice function on all models the planner considers
possible. By contrast, in the local approach (see e.g. Chung and Ely (2003), Oury and
Tercieux (2012), Jehiel, Meyer-ter Vehn, and Moldovanu (2012) or Aghion, Fudenberg,
Holden, Kunimoto, and Tercieux (2012)) the planner has some specific model in mind
(e.g. in our paper, that the state of the world is common knowledge among agents) but
is not entirely confident about it. The requirement therefore is analogously local, i.e. that
the social choice function be implemented at types close to the initial model. This paper
falls in the latter, i.e. local camp, so we focus our discussion on related works in this vein.
The formulation of a “local” approach to robustness that we use in this paper was
pioneered by Oury and Tercieux (2012). Our results have some counterparts to theirs. We
therefore first discuss the connection to their paper before mentioning other work.
The biggest difference in setups is that we consider implementation by “direct revelation mechanisms,” i.e. mechanisms where the message space of agents is exactly the
set of relevant states when preferences are common knowledge. This assumption allows
7While we will not dwell on these, intermediate notions of robustness, where the principal rules out some

possible beliefs among the agents, have also been recently formulated and characterized—see e.g. Ollár
and Penta (2016).
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us tighter characterizations of (truthful) continuous implementation under the product
topology. In the “forward” direction they consider the stronger desideratum of strict
continuous implementation, and show that strict monotonicity of the social choice function is necessary for strict continuous implementation. To discuss sufficiency, they enrich the model to consider that sending various messages may involve small costs to the
agents (and get the same characterization of rationalizable implementability). By contrast,
our assumptions allow us a full characterization without either (i.e. the strengthening of
desideratum to strict continuous implementation, nor the possibility of costly messages).8
They do not consider the uniform-weak topology but do hint at similar results in one
direction (see, e.g., Footnote 16 of their paper). Our results on the uniform-weak topology
thus both strengthen their results, and also constitute a key intermediate step to our characterization in the product topology. Further, they do not consider the case where only
ordinal preferences are common knowledge (i.e., Section 4 of the present paper). They do
consider the more general case of Bayesian implementation, which we omit.
At a conceptual level, we use these tight characterizations to suggest that their results
may have an alternate interpretation. They suggest that their necessary conditions build
a “first bridge between partial and full implementation.” By contrast, as we argued previously, we suggest that the requirement of truthful continuous implementation with the
product topology is as demanding as implementation in rationalizability.
To argue that implementation in rationalizability (Theorem 5, Corollary 8) is restrictive,
we use results of Börgers (1992) which argues that implementation of a social choice function in iteratively undominated strategies is equivalent to the social choice function being
dictatorial whenever the set of possible preferences is a superset of the unanimous preference profiles. Here undominated refers to “pure strategy dominance,” a notion initially
defined in Börgers (1993). As we mentioned earlier, our result uses a notion of ordinal
rationalizability that is more permissive than the notion of Börgers—see Definition 8 and
the discussion that follows for details. This models a setting where only agents’ ordinal preferences over outcomes, rather than their von Neumann-Morgenstern utilities, are
taken as known among them.
As we alluded to earlier, other papers have raised similar questions about “local” robust implementation. Chung and Ely (2003) consider a very similar question, asking
about the possibility of (full) implementation in undominated Nash equilibrium while
additionally requiring that Bayes-Nash equilibria of settings with arbitrarily small uncertainty also be close to the social choice function. They show that monotonicity of the
social choice function is a necessary condition in their setting (while full implementation
8We also refer the reader to Oury (2015), who characterizes continuous implementation as equivalent to full

implementation in rationalizable strategies by introducing local payoff uncertainty of the planner.
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in undominated Nash equilibrium is possible for any social choice function under complete information). Aghion, Fudenberg, Holden, Kunimoto, and Tercieux (2012) consider
subgame-perfect implementation under similar perturbations. Jehiel, Meyer-ter Vehn,
and Moldovanu (2012) get a negative result similar in interpretation to ours, but in a
different setting, where the multi-dimensionality of agents’ signals drives the result.
Postlewaite and Wettstein (1989) pursue the idea of a feasible, continuous function that
achieves Walrasian outcomes in an exchange economy. Here continuity is with respect to
small perturbations of the initial endowments, and is meant as a substitute to modeling
incentive constraints.
Our work is also connected to the literature on informational size beginning with McLean
and Postlewaite (2002). These papers also consider settings close to complete information, and argue what can be thought of as continuity results—when the state is approximate common knowledge, small transfers are sufficient to elicit the private information of
agents. Most papers in this line consider settings with transfers, except Gerardi, McLean,
and Postlewaite (2009). Our results in the uniform-weak topology (Theorems 1, 2) can be
thought of as complementing their findings—both suggest that in settings with approximate common knowledge of the state, a desired social choice function may be implemented. While they consider richer settings, they also assume a common prior among
agents that is known to the principal.
In light of this bifurcation in approaches to robust mechanism design, our main takeaway can also be phrased thus: for a local approach to be non-trivially different than
global, it must place non-trivial constraints on agents’ higher order beliefs. Recall that
the results on global robustness (Bergemann and Morris (2005), Chung and Ely (2007))
provide foundations for dominant strategy/ Ex-Post IC mechanisms. An application of
the Gibbard-Satterthwaite theorem therefore suggests these must be dictatorial.9 In this
sense, considering only truthful continuous implementation is no more permissive than
general robust implementation.
The organization of the rest of the paper is as follows. Section 2 defines the model, including the notion of continuous implementation under three notions of robustness. The
first (Section 2.1) is a baseline model where each agent receives a private signal realization about the true state of the world and agents share a common prior over states and
signal realizations. This common prior is close to common knowledge, and unknown to
the principal. Studying this restricted setting helps us build intuition. The second and
third notions consider types close to the common knowledge type in the universal type
9More precisely, we refer to a private-value setting where an agent’s (payoff) type fully pins down his

preference and thus ex post implementation and dominant-strategy implementation are equivalent. We
also restrict attention to the case of a social choice function and hence our environment is separable in the
sense of Bergemann and Morris (2005).
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space, and consider closeness in the uniform-weak and product topologies (Section 2.2).
Section 3 characterizes truthful continuous implementation in each of these three notions.
Section 4 introduces the ordinal model, and characterizes truthful continuous implementation in this model. Finally Section 5 discusses some critical assumptions, highlights
possible extensions and concludes.
2. M ODEL
There is a state of the world θ ∈ Θ, unknown to the planner. There is a set of alternatives
A. The planner would like to implement a social choice function f : Θ → A. We assume
that both A and Θ are finite (some of our results do not require this assumption).
There is a finite set of I agents. Agent i has a utility function ui : A × Θ → <. Sometimes, we might refer directly to the implied ordinal preferences over alternatives, with
the standard notations i,θ for the strict part of the preference of agent i at state θ, and
∼i,θ for his indifferences, and i,θ for weak preference.
2.1. Common Prior Perturbations
To build intuition for our results, we first consider the following simple common prior
setting. Agent i receives a signal si ∈ Si ≡ Θ, S ≡ ∏i Si .
These signals are drawn according a to a prior probability distribution over signals and
state of the world, P ∈ ∆(Θ × S). Viewing a probability distribution as a point in the
( I + 1)|Θ| dimensional simplex, we say a model P is ε-close to P0 if || P − P0 ||1 ≤ ε.
For each si ∈ Si , denote by P (·|si ) the conditional probability on Θ × S−i . Denote the
signal of agent i by siθ when agent i receives signal corresponding to state
of the world


. Say PCI is a
θ; moreover, we write sθ for the signal profile siθ i∈ I and sθ−i for sθj
j 6 =i

complete information prior if PCI (θ, s) = 0 for every s 6= sθ . Fix some PCI which assigns
positive probability on each θ ∈ Θ.10
A mechanism/ game form, denoted ( M, g) is a message space Mi for each player i, and
an outcome function g : M → A. A mixed Bayes-Nash Equilibrium (BNE) is a strategy
profile (σi )i∈ I with σi : Si → ∆ ( Mi ) such that for si ∈ Si , each message mi ∈ supp σi (si )
maximizes the expected payoff of agent i with respect to the opponents’ strategy profile
σ−i and P (·|si ).
As is standard, we say that a game form ( M, g) (partially) implements a SCF f at model
P if there is a mixed BNE of the game form σi : Si → ∆ ( Mi ) such that g(m) = f (s) for
every message profile m ∈ supp σ (s) for all signal profiles s ∈ S. We will consider “direct
revelation mechanisms” (DRMs), i.e. a game form where M = S.
10This is to ensure that if P → PCI , then P (·|s ) is defined by Bayes’ rule for large n. The latter property is
n
n
i

used in Theorem 1.
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The following definition is closely related to Definitions 2,3 of Oury and Tercieux (2012),
with two major differences. First we restrict attention to “direct revelation mechanisms,”
i.e. where the message space equals the set of possible states of the world Θ. Secondly,
of course, this definition is adapted to the baseline model of perturbations considered
above.
D EFINITION 1. We say f is truthfully continuously implementable if there is a DRM g such that
for any sequence of models Pn → PCI :

(a) For each θ ∈ Θ, g sθ = f (θ );
(b) There exists n large enough such that truth-telling (σ T ) is a BNE of g under Pn for any
n ≥ n.11
Finally, a recurring issue will be breaking indifferences, since we have no transfers. The
following definition will be useful throughout.
D EFINITION 2. For a DRM g, we say θ is strategically equivalent to θ 0 for an agent i if agent
i is indifferent between the two reports regardless of the state and others’ reports, i.e.:
0

∀s−i , θ 00 : g(siθ , s−i ) ∼i,θ 00 g(siθ , s−i ).
2.2. Universal type space and topologies
To study continuous implementation under general perturbations, we introduce the
following from Oury and Tercieux (2012), Section 4.2. A model T is a pair ( T, κ ) where
T = T1 × T2 × · · · × TI is a countable type space and κti ∈ ∆ (Θ × T−i ) denotes the associated beliefs for each ti ∈ Ti . Given a mechanism M and a model T , we write U (M, T ) for

the induced incomplete information game. Let T = T, κ be the complete-information



model, i.e., T i = tiθ : θ ∈ Θ and κ tθ θ, tθ−i = 1 for each θ ∈ Θ.
i
Following Oury and Tercieux (2012), for two models T = ( T, κ ) and T 0 = ( T 0 , κ 0 ),
0 ) ∩ E ] for any
we will write T ⊃ T 0 if T ⊃ T 0 , and for ti ∈ Ti0 : κti [ E] = κt0i [(Θ × T−
i
measurable E ⊂ Θ × T−i .
Given a type ti in a model ( T, κ ), we can compute the first-order belief of ti (i.e., his
belief about Θ) by setting t1i equal to the marginal distribution of κti on Θ. We can also

compute the second-order belief of ti (i.e., his belief about θ, t1 ) by setting


oi
hn
2
1 1
ti [ E] = κti (θ, t−i ) : θ, ti , t−i ∈ F , ∀ E ⊂ Θ × (∆ (Θ)) I .

We can compute the entire hierarchy of beliefs t1i , t2i , . . . , tik , . . . by proceeding in this
way.
11The truth-telling strategy profile σ T is simply the one where σ T (θ ) = δ for all θ and i, where δ is the
i
siθ

standard Dirac-delta function.
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 I

× X k−1 . Observe that
Now, write X 0 = Θ and for each k ≥ 1: X k = ∆ X k−1

tik ∈ ∆ X k−1 for every k ≥ 1. Let d0 be the discrete metric on Θ and d1 be the Prohorov distance on 1st-order beliefs (∆ (Θ)).12 Then, recursively, for any k ≥ 2, endow

∆ X k−1 with the Prohorov distance dk where X k−1 is endowed with the sup-metric induced by d0 , d1 ,...., dk−1 . Mertens and Zamir (1985) construct the universal type space

k . The universal type space has the property that t = ( t1 , t2 , . . . ) ∈ T ∗ if
Ti∗ ⊂ ×∞
∆
X
i
i
i i
k =0
0
0
there exists some type ti in some model such that ti and ti have the same n-th-order belief
for every n. Endowed with the product topology, Ti∗ is a compact metrizable space and
∗ ).
admits a homeomorphism κi∗ : Ti∗ → ∆(Θ × T−
i
We say that a sequence of types {ti,n }∞
converges
uniform-weakly to a type ti if:
n =1


k
k
k
,
t
duw
t
,
t
t
≡
sup
d
(
)
i,n i
i
i,n i → 0.
i
k ≥1

13
Moreover, write duw (tn , t) → 0 if duw
i ( ti,n , ti ) → 0 for each i.
We say that a sequence of types {ti,n }∞
n=1 converges in the product topology to a type ti
if


∞
p
k
di (ti,n , ti ) ≡ ∑ 2−k dik ti,n
, tik → 0.
k =1

dp ( t

p
di (ti,n , ti )

Again, write
→ 0 for each i.
n , t ) → 0 if
The following adapts Definition 1 to now consider continuity in these topologies defined above. Note that we still restrict attention to DRMs as before, i.e. the message space
of each player still equals Si ≡ Θ.
D EFINITION 3. We say f is truthfully continuously implementable w.r.t. a metric d if there is a
DRM g such that for any model T ⊃ T , there is a (possibly mixed) BNE σ in the game U (M, T )

with the property that for any sequence of type profiles {tn } ⊂ T with d tn , tθ → 0, we have:
(a) For every θ ∈ Θ, g(sθ ) = f (θ ), and,
(b) σ (tn ) = δsθ for any n large enough.
Definition 3 is directly comparable to Definition 2 of Oury and Tercieux (2012). There
are two major differences. First, as discussed before, we restrict attention to implementation by what we term direct revelation mechanisms. Second our requirement (b) superficially strengthens the requirement in their paper. They only require that, at a sequence
of types tn converging to a common-knowledge of θ ∈ Θ profile tθ , the outcome of g
12For a metric space ( X, ρ), the Prohorov distance between any two µ, µ0 ∈ ∆ ( X ) is

inf{γ > 0 : µ0 ( E) ≤ µ( Eγ ) + γ for every Borel set A ⊆ X },
where Eγ = { x ∈ X : inf ρ( x, y) < γ}.
y∈ E

13See Chen, Di Tillio, Faingold, and Xiong (2010) for further details about this topology.
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under the Bayes-Nash equilibrium σ considered converges to the desired outcome under
the social choice function , f (θ ); i.e. whenever {tn } converges to t (in either topology),
( g ◦ σ)(tn ) → f (θ ). By contrast, we require that f is the exact outcome for all type profiles “close enough.” The difference can be explained by observing that we require these
nearby types tell the truth and hence ( g ◦ σ )(tn ) → f (θ ) is equivalent to g(sθ ) = f (θ ).
In contrast, truth-telling in general has no meaning with an arbitrary equilibrium in the
indirect mechanisms considered in Oury and Tercieux (2012).

3. R ESULTS IN THE C ARDINAL M ODEL
3.1. Common Prior Perturbations
To state and prove our characterization of truthful continuous implementation, we introduce two more terms. We say that DRM g strictly rewards unanimity at θ over θ 0 for
agent i if
0
g(siθ , sθ−i ) i,θ g(siθ , sθ−i ).
We say that θ always weakly dominates θ 0 for agent i in DRM g if

∀s−i , θ 00 :

0

g(siθ , s−i ) i,θ 00 g(siθ , s−i ).

The following simple lemma is key to our characterization of truthful continuous implementation.
L EMMA 1. If an SCF f is truthfully continuously implementable by a DRM g in the sense of
Definition 1 then, for every agent i and any pair θ and θ 0 , either g strictly rewards unanimity at θ
over θ 0 ; or θ always weakly dominates θ 0 .
P ROOF. Suppose instead that for some agent i, and some pair θ and θ 0 , g neither strictly
rewards unanimity at θ over θ 0 nor does θ always weakly dominate θ 0 , i.e.:




θ0 θ
θ θ
u i g ( s i , s −i ), θ ≥ u i g ( s i , s −i ), θ
(1)
and for some s−i and θ 00 ,




0
ui g(siθ , s−i ), θ 00 > ui g(siθ , s−i ), θ 00 .
Consider Pn ∈ ∆(Θ × S) such that
 




1


1
−
PCI θ, sθ , if θ̃, s̃ = θ, sθ ;

n




1 CI
θ ,
00 , sθ , s
Pn θ̃, s̃ =
P
θ,
s
if
θ̃,
s̃
=
θ
;
−
i
i
n


 PCI θ̃, s̃ ,
otherwise.
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T and P , by reporting s , agent i who has received a
Clearly, Pn → PCI . Thus, under σ−
n
i
i
signal of siθ gets the interim expected payoff equal to

  
  1

1
1−
ui g si , sθ−i , θ + ui g (si , s−i ) , θ 00 .
n
n
0

Then, by (1) and (2), for agent i with signal siθ , reporting siθ is strictly better than reporting
siθ for every n. Thus, truth-telling is not a BNE of g under Pn for every n. This is a
contradiction.


Thus, we obtain our main characterization of truthful continuous implementation as
follows.
T HEOREM 1. An SCF f is truthfully continuously implementable by a DRM g in the sense of
Definition 1 if and only if the following hold:

(a) g(sθ ) = f (θ ) for each θ ∈ Θ,
(b) For every agent i and any pair θ and θ 0 , either g strictly rewards unanimity at θ over θ 0 ; or θ
is strategically equivalent to θ 0 .
P ROOF. (⇒) Observe that when a DRM g strictly rewards unanimity at θ over θ 0 , then θ 0
cannot always weakly dominate θ. Thus, it follows from Lemma 1 that if f is truthfully
continuously implementable by a DRM g, then θ 0 always weakly dominate θ if and only
0
if θ always weakly dominate θ 0 , i.e., siθ and siθ are strategically equivalent in the sense of
Definition 2.
(⇐): Consider a sequence of models { Pn } with Pn → PCI . We want to show that σ T is a
BNE of g under Pn for any sufficiently large n. Pick ε > 0 such that for each θ and θ 0 such
that whenever g strictly rewards unanimity at θ over θ 0 , we have
h 


i
θ θ
θ0 θ
1
−
ε
u
g
(
s
,
s
)
,
θ
−
u
g
(
s
,
s
)
,
θ
> εD
(3)
(
) i
i
i −i
i
−i
where

 
D ≡ max ui g (s) , θ̃ − ui g s0 , θ̃ .
i,s,s0 ,θ̃

(4)

Then, if si0 is strategically equivalent to siθ , agent i with signal siθ gets the same payoff
announcing either siθ or si0 . Moreover, for any sufficiently large n, each siθ assigns at least

probability 1 − ε on θ, sθ−i . It follows from (3) that siθ is strictly better than si0 for agent i
with signal siθ , if si0 is not strategically equivalent to siθ .
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3.2. Characterizing Implementation
How permissive are the conditions identified in Theorem 1? After all, these are conditions stated on the game form g, rather than its implications on what social choice functions are continuously implementable in the sense of Definition 1. To answer this question
we now impose the following minimal richness assumption.
A SSUMPTION 1. For every agent i and any two alternatives a, a0 ∈ A, there is some θ such that
agent i is not indifferent between a and a0 under θ.
Under Assumption 1, strategically equivalent messages always lead to the same outcome regardless the message profile of the opponents. Note that this is trivially satisfied
if all preferences are strict. This assumption is useful combined with the following definition:
D EFINITION 4. A reduced normal-form of a DRM g, denoted g̃, is a mechanism in which all
the strategically equivalent messages are identified. For each si , let s̃i denote the message in g̃
corresponding to the set of messages strategically equivalent to si in g.
The value of Assumption 1 can be seen in light of this definition. Informally, under
Assumption 1, we can without loss transform the mechanism g into the reduced-normal
form g̃ and always achieve the same outcome, by having each agent send his reduced
normal form message in g̃ in place of his original message g.
In the absence of this assumption, it is possible in the original mechanism g that two
messages are strategically equivalent for some agent i but deliver different outcomes at
some profile of messages from other agents. There is then an indeterminacy as to which
outcome should be selected in the reduced normal form mechanism g̃. This indeterminacy does not occur if the assumption holds.
D EFINITION 5. Let g be a DRM. We say f is implementable in strict NE in the reduced normalform g̃ if for every θ ∈ Θ,
(a) g̃(s̃θ ) = f (θ );
(b) s̃θ is a strict NE in g̃ at state θ for every θ ∈ Θ.
We obtain the following corollary:
C OROLLARY 1. Suppose that Assumption 1 holds. An SCF f is truthfully continuously implementable in DRM g if and only if it is implementable in strict NE in g̃.
P ROOF. (⇒) By Assumption 1 and the fact that f is truthfully continuously implementable,
g̃(s̃θ ) = g(sθ ) = f (θ ). Moreover, it follows from Theorem 1 that s̃θ is a strict NE at θ in g̃.
14
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(⇐) Since g̃ satisfies requirements (a) and (b) in Definition 5, g satisfies the requirements of Theorem 1. Thus, it follows from Theorem 1 that f is truthfully continuously
implementable.

This is the main finding of this section— f must be implementable in Strict Nash Equilibrium in the original common knowledge environment. The requirement of implementation in Strict Nash Equilibrium is known to be a weak one—the following corollaries
characterize it. However, we should also point out that slightly outside the model, if we
allowed for the possibility of arbitrarily small transfers, and with three or more agents,
implementation in Strict Nash Equilibrium is trivially possible. This can be done by defining the outcome of the game form when only one agent’s report differs from the consensus
as the same as at consensus, but requiring that agent to make a small payment.
Implementation in Strict Nash Equilibrium requires deviators to be strictly punished.
In the absence of payments, this of course requires that there exist alternatives strictly
worse for a potential deviator than what she could achieve if she truthfully reported the
state. The following concept is therefore helpful: we say f is never pessimal for agent i if,
at any state, the alternative selected f (θ ) is not his worst alternative, i.e.:

∀θ : f (θ ) 6∈ arg min ui ( a, θ ).
a∈ A

C OROLLARY 2. Suppose that Assumption 1 holds. If a DRM g truthfully continuously implements f , it must always ignore the reports of any agent for whom f is not never pessimal.
P ROOF. Consider an agent i for whom f is pessimal at some state θ. This implies that
g cannot strictly reward unanimity at θ over any θ 0 for agent i. But then, by condition
(b) of Theorem 1, θ must be strategically equivalent to any other θ 0 for this agent. By
Assumption 1 strategically equivalent messages must lead to the same alternative being
selected. Therefore, g must always ignore i’s reports.

As long as there are three or more agents for whom the social choice function f is never
pessimal, implementation in Strict Nash Equilibrium and therefore truthful continuous
implementation is “for free,” as summarized by the following corollary.
C OROLLARY 3. An SCF f is truthfully continuously implementable if there are three or more
agents for whom f is never pessimal.
Truthful continuous implementation therefore only has bite if there are fewer than three
agents for whom f is never pessimal. The following corollary characterize truthful continuous implementation in these cases.
A few standard definitions will be helpful. We say that agent i is a strict dictator for f if
for all θ, f (θ ) is the unique solution to the problem maxa∈ f (Θ) ui ( a, θ ). We say f satisfies
15
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strict self-selection for agents i and j if for every pair of states θ, θ 0 , there exist alternatives a
and a0 such that:
ui ( f (θ ), θ ) > ui ( a, θ ) and u j ( f (θ 0 ), θ 0 ) > u j ( a, θ 0 ),
ui ( f (θ 0 ), θ 0 ) > ui ( a00 , θ 0 ) and u j ( f (θ ), θ ) > u j ( a0 , θ ).
C OROLLARY 4. Suppose that Assumption 1 holds. Then,
(a) If the set of agents for whom f is never pessimal is empty, then f is truthfully continuously
implementable if and only if it is constant.
(b) If there is only one agent for whom f is never pessimal, then f is truthfully continuously
implementable if and only if this agent is a strict dictator for f .
(c) If there are two agents for whom f is never pessimal, the social choice function f is truthfully
continuously implementable if f satisfies strict self-selection for these two agents.
This corollary implies that truthful continuous implementation, while permissive, still
rules out social choice functions that may be of interest.

For example, consider a setting where the state θ = θ̂, û has two components: the first
component identifies some fundamental state of uncertainty, and the second identifies the
tuple of cardinal utilities of all agents over the set of alternatives. To remain within the
general assumptions of our model assume that the space of fundamental uncertainty Θ̂
is finite and that the space Û of cardinal utility tuples on A is finite, but every possible
profile of ordinal rankings over A has one representation. The state space Θ then equals
Θ̂ × Û.
Suppose now that the social planner cares only about the fundamental state of the
world and not about the preferences of the agents. In other words, assume that the social
choice function is preference invariant, i.e. for every θ̂ ∈ Θ̂ we have f (θ̂, û) = f (θ̂, û0 ) for
all û, û0 ∈ Û.
C OROLLARY 5. A truthful continuously implementable social choice function that is preference
invariant must be constant.
The Corollary follows from Corollary 4 and the fact that preference invariance of the
social choice function and the assumption on Û directly imply that no agent is never
pessimal for f . Therefore, truthful continuous implementation fails.
3.3. Uniform-Weak Topology
We now consider truthful continuous implementation with respect to the uniformweak topology duw on the universal type space. The following result shows that truthful
continuous implementation (w.r.t. the common-prior perturbations, as in Definition 1) is
equivalent to truthful continuous implementation with respect to duw (Definition 3).
16
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In doing so, we demonstrate that the driving force behind Theorem 1 is the fact that
θ is “almost common knowledge” among agents (recall that the uniform-weak topology
preserves approximate common knowledge). The ex-ante stage, together with the fact
that there is a common prior, makes the proofs of Theorem 1 easier but do not play a
pivotal role.
The proof is fairly straightforward. In one direction, common prior perturbations are
a special case of close-by types in the uniform weak topology. The other direction makes
use of Theorem 1. In this direction, the proof essentially argues that if g truthfully continuously implements f in the sense of Definition 1, then truth telling is a BNE among types
close enough under duw to the common knowledge types. By Theorem 1, truth-telling
is a strict Nash Equilibrium under g (modulo strategically equivalent messages). Thus,
like Monderer and Samet (1989), regardless of what other types are playing, as long as
other agents’ types close to the common knowledge type are truth-telling, it follows that
truth-telling is a unique best response for this agent.
T HEOREM 2. An SCF f is truthfully continuously implementable if and only if it is truthfully
continuously implementable with respect to duw .
P ROOF. (⇐): Let Pn be a sequence of common prior models such that Pn → PCI . Consider
F
a model T = ( T, κ ) defined as follows: Let Ti = ∞
n=1 Si,n where each Si,n ≡ Si ; moreover,
for each si,n ∈ Si,n , let κsi,n = Pn (·|si,n ). Hence, κsi,n [Θ × S−i,n ] = 1.
Since f is truthfully continuously implementable with respect to duw , let σ be the BNE
that satisfies ( a) and (b) in Definition 3.
To see that f is truthfully continuously implementable, consider any θ ∈ Θ and si,n = θ.
Since PCI has full support and Pn → PCI , it follows from Fudenberg and Tirole (1991,
Theorem 14.5) that for any p < 1, it is common-p at any sn that θ has realized for every

sufficiently large n. Hence, duw sn , tθ → 0 (see Chen, Di Tillio, Faingold, and Xiong
(2010)). Since S is finite, it follows from condition (b) in Definition 3 that σ (sn ) = δsθ for
any n large enough. That is, σ T is a BNE under Pn .
(⇒): Let g be a DRM that truthfully continuously implements f in the sense of Defini
tion 1. Hence, g sθ = f (θ ) for every θ. Now consider a model T ⊃ T . By Theorem 1,
we can pick ε > 0 such that for each θ and θ 0 such that g strictly rewards unanimity at θ
over θ 0 , we have
h 


i
0
(5)
(1 − ε) ui g(siθ , sθ−i ), θ − ui g(siθ , sθ−i ), θ > εD
where D is defined as in (4).
Moreover, we may decrease ε further so that the following two conditions are satisfied:


θ
(1) for any agent i and any θ 6= θ 0 , the duw
i , ε -ball around θ, ti does not overlap with
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0 , tθ 0 , i.e. these balls are disjoint; (2)
,
ε
-ball
around
θ
the duw
i
i
oε i
hn


θ
θ
uw
> 1 − ε,
θ, t−i
ti , ti < ε =⇒ κti
di

(6)


 ε


θ , i.e., any type which is ε-close
where θ, tθ−i
denotes the duw
,
ε
-ball
around
θ,
t
−i
−i
to the common knowledge type tiθ also believes that with probability at least 1 − ε all other
agents −i have types within distance ε from tθ−i .
Consider the agent normal-form of the game U (M, T ) with the restriction that ti in the

θ
θ
duw
i , ε -ball around ti must report si . Denote this game with restriction by U (M, T ).
Since T is countable and S is finite, a standard fixed-point argument implies that U (M, T )

has a BNE σ. By construction of U (M, T ), for any sequence duw tn , tθ → 0, we have
σ (tn ) = sθ .
Furthermore, σ is a BNE in the original game U (M, T ). To see this note that for any
agent i in the ε ball around tiθ , given that all other agents −i in the ball (θ, tθ−i ) are reporting
sθ−i , the unique best response is to play siθ . This follows due to (5) and (6).
Therefore, g truthfully continuously implements f with respect to duw .

As a result of Theorem 2 the characterization of social choice functions which are truthfully continuously implementable with respect to the uniform-weak topology is exactly
the same as that under the common prior perturbations outlined in Section 3.2. The same
interpretations therefore apply: continuous implementation in this topology is, as we
would argue, permissive.
As an aside we should note that similar permissive results would be achieved if we
considered closeness in the strategic topology of Dekel, Fudenberg, and Morris (2006).
This follows from a result of Chen, Di Tillio, Faingold, and Xiong (2010) who show that the
two topologies are equivalent around finite types (here, the common knowledge type).
3.4. Product topology
Finally, we consider truthful continuous implementation in the product topology. As
before, we still consider what we term direct revelation mechanisms, i.e. game forms
where the message space of each player i is Si = Θ.
The following definition of interim correlated rationalizable messages (c.f. Dekel, Fudenberg, and Morris (2007)) will be useful:
D EFINITION 6. Let Ri∞ (ti , M) denote the set of interim correlated rationalizable messages of
type ti in M defined as follows:
Let R0i (ti , M) = Mi . Inductively, for each k ≥ 1, a message mi ∈ Rik (ti , M) iff there is some
µ ∈ ∆ (Θ × T−i × M−i ) such that
R

R1: mi ∈ arg maxm0 Θ× M ui mi0 , m−i , θ marg µΘ× M−i [dθ, m−i ];
i

−i
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R2: marg Θ×T−i µ = κti ;
n
o
R3: µ
= 1.
(θ, t−i , m−i ) : m−i ∈ Rk−−i 1 (t−i , M)
k
Then, Ri∞ (ti , M) ≡ ∩∞
k=1 Ri ( ti , M).

We can now define implementation in unique rationalizable action profile:
D EFINITION 7. Let g be a DRM. We say f is implementable in the unique rationalizable action
profile in the reduced normal-form g̃ if for every θ ∈ Θ,
(a) g̃(s̃θ ) = f (θ );
 
(b) R∞ tθ , g̃ = s̃θ .
Note that part (2) of the definition has tθ as the first argument. In other words, our
definition requires s̃θ to be the (unique) rationalizable action profile when θ is common
knowledge, for every state θ ∈ Θ. Since agents’ vN-M utilities over alternatives are common knowledge, interim correlated rationalizability reduces to the standard (correlated)
rationalizability of Bernheim (1984) or Pearce (1984).
Further, as we pointed out earlier, note that s̃iθ is agent i’s unique rationalizable action.
In this sense, our requirement is slightly stronger than the usual (full) implementation in
rationalizability (see e.g. Bergemann, Morris, and Tercieux (2011) for a characterization
of implementation in rationalizability). The latter only requires that the social choice
function be implemented at every rationalizable action profile; we additionally require
that the rationalizable action profile be unique.
Our main result characterizes truthfully continuously implementation w.r.t. dp as equivalent to implementability in rationalizability. As we stated earlier, the result is similar to
the main result of Oury and Tercieux (2012)—we also use the contagion argument of Weinstein and Yildiz (2007) in a mechanism design context. However unlike the former
paper, we do not need to extend the model to consider costly messages etc. to break ties.
T HEOREM 3. Suppose that Assumption 1 holds. An SCF f is truthfully continuously implementable w.r.t. dp by a DRM g if and only if it is implementable in unique rationalizable action
profile in g̃ in the sense of Definition 7.
Since this proof is fairly involved, a high level overview may be useful to help orient the
reader. Sufficiency is fairly straightforward—if g̃ implements f in unique rationalizable
action, then g truthfully continuously implements f —this follows straightforwardly from
the upper hemicontinuity of the rationalizable correspondence.
The nontrivial direction is therefore necessity, i.e. to show that if an SCF f is truthfully
continuously implementable (in the the product topology) then f must be implementable
in the unique rationalizable action in the sense of Definition 7.
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As a building block we have Theorem 2, which combined with Theorem 1 and Corollary 1 tells us that an SCF f is truthfully continuously implementable w.r.t. the uniformweak topology if and only if it is implementable in Strict Nash Equilibrium in the “reduced normal form.” From this fact, and the fact that the uniform-weak topology is
finer than the product topology, we already know that f is truthfully continuously implementable (in the product topology) then f is implementable in Strict Nash Equilibrium.
Recall further that we are considering implementation with DRMs, i.e. for every message an agent could send there is a corresponding state: in other words, the equilibrium
has full range. Strict NE implies that in the state where an agent believes that a state θ is
common knowledge it is a strict best response for him to send the corresponding message.
We use this fact as a substitute for the costly messages of Oury and Tercieux (2012).
Take any rationalizable strategy si for a player i at complete information at some state.
We can construct a sequence of types that converge to the complete information type in
the product topology for which this strategy is the unique best response, in a manner similar to Weinstein and Yildiz (2007) (and also Weinstein and Yildiz (2004): see discussion
after the proof of the theorem). Roughly, put most of the mass of i0 s beliefs on the fact
the others will play the strategies that rationalize si , and a small probability that the state
corresponding to the strategy si is indeed the true state and everyone is playing that. The
latter playing this strategy makes si a strict best response. Therefore, at any Bayes-Nash
Equilibrium of the incomplete information game in this model, these constructed types
must be playing the rationalizable strategy si . From the fact that the social choice function is continuously implementable, therefore, we have rationalizable implementation as
desired.

P ROOF OF T HEOREM 3. (⇐): Let T be a model with T ⊃ T . Since T is countable and
S is finite, a standard fixed-point argument implies that there is a BNE σ in the game
U ( g, T ). Let σ̃ be the strategy profile in g̃ induced from σ, i.e., for each t ∈ T and each s̃,
σ̃ (t) [s̃] = σ (t) [s̃] , where in the latter s̃ is identified with the set of equivalent messages
in the DRM g. Since σ is a BNE in g, it follows that σ̃ is also a BNE in g̃.


Since R∞ tθ , g̃ = s̃θ , by the upper hemicontinuity of the rationalizable correspondence R∞ (·, g̃) (see, e.g., Theorem 2 of Dekel, Fudenberg, and Morris (2006)), there is
some ε > 0 such that


n o
p
di ti , tiθ < ε ⇒ R∞ (ti , g̃) = s̃θ

p
Since σ̃ is a BNE in g̃, it follows that σ̃i (ti ) = δs̃θ for any ti ∈ Ti with di ti , tiθ < ε. Hence,
i

for any si ∈ supp σi (ti ), we have s̃i = s̃iθ .
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This almost concludes the proof. For completeness, define a strategy profile σ in U ( g, T )
as

(
σi ( ti ) ≡


p
if di ti , tiθ < ε;

δsθ ,
i

σi (ti ) otherwise;

Since σ is a BNE in U ( g, T ), it follows from the fact that s̃i = s̃iθ for any si ∈ supp σi (ti )

that σ is also a BNE.14 Moreover, g sθ = f (θ ) and by construction σ also satisfies requirement (2) in Definition 3.
(⇒): First, since f is truthfully continuously implementable w.r.t. dp , f is truthfully
continuously implementable w.r.t. duw . Fix a DRM g that truthfully continuously implements f w.r.t duw . By Theorem 2 and Corollary 1, f is implementable in strict NE in
g̃.
The following Lemma will be useful.
L EMMA 2. For each k ≥ 1 and ε ∈ (0, 1) , there is a countable model Tk,ε ⊃ T such that
 F
F
k θ
Ti,0,ε ≡ T i and Ti,k,ε ≡
Ti,k−1,ε .
θ ∈Θ Ri ti , g̃

Fix any BNE σ̃ of the the game U ( g̃, Tk,ε ) with σ̃ tθ = δs̃θ for every θ. This model has the

property that for each type ti,k,ε (s̃i , θ ) (the type in Ti,k,ε that corresponds to s̃i ∈ Rik tiθ , g̃ ),

k 
k
k
θ
(1) di ti,k,ε (s̃i , θ ) , ti
< ε;
(2) σ̃i (ti,k,ε (s̃i , θ )) = δs̃i .
This lemma appears a little convoluted but is at the heart of our proof. It constructs a
countable model Tk,ε with following property:
Consider any Bayes Nash equilibrium σ̃ of the game of incomplete information U ( g̃, Tk,ε )
with the property that common knowledge types all report the state “ truthfully.” In other
words, each type tiθ sends the reduced normal form message s̃iθ in g̃ corresponding to the
equivalence class which the state θ falls in. Further, consider any message s̃i ∈ Rik (tiθ , g̃),
i.e. any message that survives up to k rounds of iterated deletion of never best response
in g̃ under common knowledge of θ for any player i.
The model Tk,ε is such that there exists a type of player i, ti,k,ε (s̃i , θ ) that is ε-close to the
common knowledge of θ type, tiθ ; such that player i of type ti,k,ε (s̃i , θ ) must play s̃i under
the BNE σ̃.
Before we present the proof of Lemma 2, let us conclude the now routine proof of
F
Theorem 3. Consider the countable model T where Ti = ∞
k=1 Ti,k, 1k and Tk, 1k is given as
in Lemma 2.
14We should clarify that Assumption 1 invoked in the Theorem is used in this step to ensure that messages

in the original game from the same equivalent class in the reduced form game result in the same outcome.
This is important to ensure that we do not affect incentives when we go from the reduced form game g̃ to
the original game g.
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Since f is truthfully continuously implementable w.r.t. dp , there is a BNE σ in the game
U ( g, T ) such that requirements (a) and (b) in Definition 3 hold. Again, σ induces a BNE


σ̃ in g̃. Since σ tθ = δsθ by requirement (b) of Definition 3, we have σ̃ tθ = δs̃θ .

Thus, it follows from Lemma 2 that for each s̃i ∈ Ri∞ tiθ , g̃ , for each k, there is a type
ti,k, 1 (s̃i , θ ) ∈ Ti such that
k

 k 
1
k
k
di ti,k, 1 (s̃i , θ ) , tiθ
≤ ,
k
k
and


σ̃i ti,k, 1 (s̃i , θ ) = δs̃i .
k




p
It follows that di ti,k, 1 (s̃i , θ ) , tiθ → 0 and σ̃i ti,k, 1 (s̃i , θ ) = δs̃i . Since σ satisfies rek
k


quirement (1) in Definition 3, we know that it must be the case that σi ti,k, 1 (s̃i , θ ) = δsθ
k

i

for any k large enough. Hence, s̃i = s̃iθ .

Finally, since s̃i ∈ Ri∞ tiθ , g̃ is arbitrary, we conclude that s̃θ is the unique rationalizable
message profile at θ in g̃.

It remains to provide a proof of Lemma 2. The argument resembles the proof of Proposition 1 in Weinstein and Yildiz (2007), i.e. a contagion argument. In their construction,
the contagion is from a class of “crazy” types, for whom a given action is dominant. Here,
by contrast we piggyback from the fact that if a social choice function is truthfully continuously implementable w.r.t. d p , then it must be continuously implementable w.r.t. duw .
By Theorem 2, the social choice function must therefore be implementable in Strict Nash
Equilibrium in the reduced normal form game g̃.
For any rationalizable action s̃i in Ri∞ (tiθ , g̃), we can construct a sequence of close-by
types for which this action is the unique possible BNE strategy. We break ties by adding
small probability that it is common knowledge that the state of the world is the state
corresponding to s̃i (in which case playing s̃i is a strict best response given the conjectured BNE). As is routine in these contagion arguments, this small probability can be
inductively moved into higher and higher orders of belief, achieving convergence to the
common knowledge type. Since g truthfully continuously implements f , by condition (1)
of the definition of truthful continuous implementation (Definition 3), it must be the case
that this rationalizable action is indeed s̃iθ .
A closer parallel may be to Weinstein and Yildiz (2004), where a particular equilibrium
is fixed, and the question is what equilibrium actions are consistent with types whose first
k orders of belief are known (and higher orders are unrestricted). Under the assumption
that the equilibrium has full range, they show that the set of equilibrium actions possible
must include the set of all actions that is survive k rounds of iterated elimination of never
strict best replies, and is upper-bounded by the set of actions that are k level rationalizable.
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Our DRM game and the putative truthful equilibrium at the common knowledge types
trivially has full range, while Theorem 1 and Corollary 1 imply that in the reduced normal
form, truth telling is a Strict Nash Equilibrium for common-knowledge types that has full
range. In this case, their upper and lower bounds are the same for types that are k levels
consistent with common knowledge types. Our requirement of implementation in unique
rationalizable action as necessary can thus be seen to follow as a consequence.
P ROOF OF L EMMA 2. Formally, fix ε ∈ (0, 1) and we prove the claim by induction. First,
the claim trivially holds for k = 0. Now we prove the claim for k ≥ 1, assuming that

k tθ , g̃ is a best response to some belief
it holds for
k
−
1.
By
definition,
each
s̃
∈
R
i
i
i


λ−i ∈ ∆ Rk−−i 1 tθ−i , g̃ . By the induction hypothesis, there is a one-to-one mapping

η−i : Rk−−i 1 tθ−i , g̃ → T−i,k−1,ε such that
η−i,k−1,ε (s̃−i ) = t−i,k−1,ε (s̃−i , θ ) .
Then, define κti,k,ε (s̃i ) ∈ ∆ (Θ × T−i,k,ε )



−1
κti,k,ε (s̃i ,θ ) = (1 − ε) δθ × λ−i ◦ η−
+ εδ(s ,tsi ) .
i,k−1,ε
i −i
That is, with probability (1 − ε), type ti,k,ε (s̃i , θ ) believes that the state is θ and the opponents’ types follow a distribution that is induced from λ−i (in which each t−i,k−1,ε (s̃−i , θ )
plays σ̃−i (t−i,k−1,ε (s̃−i , θ )) = δs̃−i by the induction hypothesis); with probability ε, type
ti,k,ε (s̃i , θ ) believes that the state is some si from the equivalent class s̃i and that the ops
ponents’ type profile t−i i has common belief about the state being si (and thereby plays
s 
s
σ̃−i t−i i = s̃−i i ). Since s̃i is a best response against λ−i and the strict/ unique best res 
sponse against si , s̃−i i in g̃, it follows that σ̃i (ti,k,ε (s̃i , θ )) = δs̃i . Moreover, since

  k −1 
k −1
k −1
di
t−i,k−1,ε (s̃−i , θ ) , tθ−i
< ε,
it follows that

dik



k
ti,k,ε

(s̃i , θ ) ,

k
tiθ



< ε.



As in the case of Section 3.1, our results so far characterizing truthful continuous implementation in the product topology are in terms of the game form g or the reduced normal
form game g̃. We can now derive implications on how restrictive this notion is on the
social choice function f .
Our first result has a close counterpart in Theorem 1 of Oury and Tercieux (2012). They
do not assume any richness, comparable to Assumption 1 imposed here. However, they
strengthen the requirement to strict continuous implementation, and show that f that is
strictly continuously implementable is strictly Maskin monotonic. To be precise, a social
choice function f : Θ → A is strict Maskin monotonic if, for every pair of states θ and θ 0 ,
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(1) f (θ ) = f (θ 0 ) whenever
ui ( f (θ ), θ ) > ui ( a, θ ) =⇒ ui ( f (θ ), θ 0 ) ≥ ui ( a, θ 0 ),
for all i and a;
or, equivalently,
(2) f (θ ) 6= f (θ 0 ) implies
ui ( f (θ ), θ ) > ui ( a, θ ) and ui ( a, θ 0 ) > ui ( f (θ ), θ 0 ),
for some i and a.
C OROLLARY 6. Suppose that Assumption 1 holds. If an SCF f is truthfully continuously implementable w.r.t. dp , then f is strictly Maskin monotonic.
P ROOF. This follows from Theorem 3 and Proposition 1 of Bergemann, Morris, and Tercieux (2011).

C OROLLARY 7. Suppose that Assumption 1 holds and | X | ≥ 3. If f is onto, has full domain (i.e.
the set of states is such that every ordinal preference profile over alternatives is possible), and is
truthfully continuously implementable w.r.t. dp , then f is dictatorial.
P ROOF. This follows from Corollary 6 and the Muller-Satterthwaite Theorem (Muller and
Satterthwaite (1977)) which states that any monotonic social function on a full domain of
preferences and is onto with at least three alternatives must be dictatorial.

4. A N O RDINAL S ETTING
Given our results so far, it remains unclear whether implementation in the unique rationalizable action profile is in general substantially different from implementation in
dominant strategies. Corollary 7 makes a connection—if the full domain assumption is
satisfied, then the social choice function must be dictatorial, which indeed is dominant
strategy implementable as well.
However, the full domain assumption is a strong assumption, and it is already known
that just monotonicity is very taxing under rich domains (for example, Saijo (1987) shows
that in a universal domain, only constant social choice functions are monotonic). To make
further headway toward answering this question without appealing to the full force of
rich domains, we consider an ordinal setting: our common knowledge states will now
be ones where agents commonly know each others’ ordinal preferences over alternatives,
but not each others’ von Neumann-Morgenstern utilities.
It can be argued that such a setting is of independent interest, and in the spirit of the
exercise this paper is undertaking. After all it may be dissonant to consider a robustness
exercise, especially in a non-transferable utility setting, where nevertheless agents are
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sure of each others’ cardinal utilities over alternatives. Our results in this setting thus
delineate the extent to which the common knowledge of cardinal utilities in the baseline
model was driving the results, and indeed verifies that they do not play a major role. We
also note that this is in keeping with the original implementation literature which only
assumed common knowledge of ordinal preferences rather than cardinal utilities.
4.1. An Ordinal Model
At each θ ∈ Θ, each agent i has a preference ordering over the set of alternatives A. An
SCF is a mapping f : Θ → A and hence the social goal only depends on agents’ ordinal
preference profiles.
We still define Si = Θ and a DRM as a mapping g : S → ∆A. In other words, a DRM
only asks for the agents’ reports on their ordinal preferences.
We still need cardinal utilities when we assess how a mechanism fares with information
perturbations. We model cardinal utilities by extending the state space to a cardinal state
space defined as follows. Consider the Euclidean space R| A| , and further consider the
subset
U ≡ {(r1 , r2 , . . . r| A| ) ∈ R| A| : r1 > r2 > . . . > r| A| }.
We define the cardinal state space
Θ∗ =

n

o

θ, (ui )i∈ I ∈ Θ × U I .

Here the ordered vector ui associated with agent i is to be thought of as the cardinal
utilities associated with his top alternative(s), second best alternative(s) etc. We will purposefully overload notation and also refer to the agent i’s cardinal utility as a function
ui : A × θ → R for ease of notation. Given a ui ∈ U, there is a unique implied utility
function ui : A × θ → R.15
Endow U I with the Euclidean topology and Θ∗ with the product topology and the
Borel σ-algebra. A model is now a pair ( T, κ ) where T = T1 × T2 × · · · × TI is a countable compact type space and κti ∈ ∆ (Θ∗ × T−i ) denotes the associated beliefs for each
ti ∈ Ti .16 Say ( T, κ ) is an ordinal-complete information model if Ti = ∪θ ∈Θ Tiθ such that


θ
κtθ {θ } × U I × T−
= 1 for every tiθ ∈ Tiθ , θ ∈ Θ, and i ∈ I. In other words, each tiθ ∈ Tiθ
i
i
believes that the ordinal preference profile is given by θ and his opponents’ type profile
θ . Again, denote by tθ ∈ T θ a typical element in an ordinal-complete inforbelongs to T−
i
i
i

mation type space. Hereafter, fix a finite ordinal-complete information model T = T, κ .
15Of course, if the ordinal preferences of agent i have indifferences at θ, then there may be multiple u ∈ U
i

that represent the same utility function.
16We add compactness due to a technical step in the if part of Theorem 5. We can also show that the type
space we construct for the only if part of Theorem 5 is compact.
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Each type in a model still induces a hierarchy of beliefs over Θ. Thus, both duw tn , tθ

and dp tn , tθ remain well defined and measure only distance of two hierarchies of beliefs
about ordinal preferences. Truthful continuous implementation w.r.t. duw and truthful
continuous implementation w.r.t. dp are defined as previously.
4.2. Results
T HEOREM 4. An SCF f is truthfully continuously implementable in DRM g with respect to duw
if and only if the following hold:
(a) g(θ ) = f (θ ) for each θ ∈ Θ,
(b) For every agent i and any pair θ and θ 0 , either g strictly rewards unanimity at θ over θ 0 ; or θ
is strategically equivalent to θ 0 .
The proof of this Theorem is very similar to the proof of Theorem 2. In the forward
direction, we can fix a particular cardinalization and only consider perturbations on that,
thus recovering the old cardinal model. In the backward direction, the argument is, as
before, carefully arguing that if the condition is satisfied, it is a BNE for types close enough
to the ordinal-complete information types to report the state, as desired. All the previous
corollaries of Section 3.2 then follow immediately.
The duplication is because implementation in Strict Nash Equilibrium is an ordinal notion, and the particular cardinalization or lack thereof does not affect the result. However,
the characterization of Theorem 3 in the product topology involved an inherently cardinal
solution concept, namely, rationalizability. To develop the analog in this ordinal model,
an additional definition is required.
D EFINITION 8. Let Ri∞ (θ, M) denote ordinal rationalizable messages of mechanism M =
0
for each k ≥ 1, a message mi ∈ Rik (θ, M) iff there is
( M, g). Let R
i (θ, M) = Mi . Inductively,


some π ∈ ∆ U × Rk−−i 1 (θ, M) such that
mi ∈ arg max
mi0

Z
U × Rk−−i 1 (θ,M)


ui g(mi0 , m−i ), θ π [dui , m−i ] .

k
Then, Ri∞ (θ, M) ≡ ∩∞
k=1 Ri ( θ, M).

Note that we allow the rationalizing belief to have correlations between the messages
of others and agent i’s utility index. This is therefore more permissive than the iterated
pure strategy dominance notion of Börgers (1993) where the two must be independent:
formal definitions are in the proof of Corollary 8.
D EFINITION 9. We say that f is implementable in the unique ordinal rationalizable message in
the reduced normal-form g̃ of a DRM g if for every θ ∈ Θ,
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(a) g̃(s̃θ ) = f (θ );

(b) R∞ (θ, g̃) = s̃θ .
T HEOREM 5. An SCF f is truthfully continuously implementable w.r.t. dp by a DRM g if and
only if it is implementable in the unique ordinal rationalizable message in g̃ in the sense of Definition 9.
At the core of the proof of Theorem 5 is a contagion argument that is very similar
to the proof of Theorem 3. There are some technical difficulties mostly in ensuring we
topologize the type space appropriately to get an analog of the upper hemicontinuity
of the rationalizable correspondence for the backward direction.17 However, the core
intuition remains the same and hence we defer the proof to the appendix.
The payoff of Theorem 5 is in the following Corollary, which leverages a result of Börgers (1992) to characterize implementation in ordinal rationalizable messages in this setting.
First, we present two definitions: we say that θ generates a unanimous preference profile if all agents have the same preference ordering on A. Further, we say that Θ includes
all unanimous preference profiles if every strict preference ordering over A can be induced as a unanimous preference profile generated by some θ ∈ Θ. In contrast to Corollary 7, the following result requires a substantially weaker domain richness condition and
requires neither | X | ≥ 3 nor f be onto.
C OROLLARY 8. Assume that Θ includes all unanimous preference profiles. If f is truthfully
continuously implementable w.r.t. dp , then f is dictatorial.
P ROOF. Suppose that f is truthfully continuously implementable. Then, by Theorem 5,
f is implementable in ordinal rationalizable messages in the sense of Definition 9, i.e.,
in R∞ (θ, g̃). Börgers (1993) defines a notion he calls iterated pure strategy dominance: Let
Bi0 (θ, M)
for each k ≥ 1, a message mi ∈ Bik (θ, M) iff there is some
 = Mi . Inductively,

k −1
π ∈ ∆ B−
i ( θ, M) and ui ∈ U such that


mi ∈ arg max ∑ ui mi0 , m−i π [m−i ] .
mi0

m −i

k
Then, Bi∞ (θ, M) ≡ ∩∞
k=1 Bi ( θ, M). Note that our notion of ordinal rationalizability is
more permissive than Börgers (1993) in that we allow agents to rationalize a message using a (possibly correlated) belief over their own cardinal indices and and their opponents’
messages.

17The authors thank Satoru Takahashi for parts of the argument in this direction.
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Since R∞ (θ, g̃) ⊃ B∞ (θ, g̃), implementation in R∞ (θ, g̃) implies implementation B∞ (θ, g̃).
By Proposition and footnote 6 in Börgers (1992), under the maintained assumptions on Θ,
f is implementable in B∞ (θ, g̃) only if f is dictatorial.

5. C ONCLUSION
This paper revisited the question of when a social choice function is continuously implementable, i.e. partially implementable both when the model corresponds to the state
of nature being common knowledge, and also when it is “close” to common knowledge.
Specifically, we restrict attention to mechanisms which correspond to direct revelation
mechanisms in the initial model, and study what we term truthful continuous implementation, i.e. continuous implementation by only such a mechanism. We show that
the specific topology by which we formalize this notion of proximity is critical. When
considering closeness between types in the uniform-weak topology, or other topologies
that preserve higher order beliefs, continuous implementability roughly boils down to
whether the social choice function can be implemented in Strict Nash Equilibrium when
the state is common knowledge among agents. As we argue in Section 3.2, this is a very
weak requirement. If however, we use the product topology, continuous implementation
becomes extremely demanding: it must be implementable in the unique rationalizable
action. By further weakening to a model where only ordinal preferences over alternatives
are common knowledge, we show that a very weak richness condition implies that only
dictatorial social choice functions are continuously implementable. The restrictiveness of
continuous implementation, thus, boils down to whether nearby types preserve higher
order beliefs.
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A PPENDIX A. O MITTED P ROOFS
A.1. Proofs from Section 3.2
P ROOF OF C OROLLARY 3. Consider the DRM g among agents for whom f is never pessimal defined as:

θ


 f (θ ) if s = s ,
g(s) = ai (θ ) if s = (si0 , sθ−i ),



a
otherwise.
where ai (θ ) ∈ A is selected such that ai (θ ) ≺i,θ f (θ ) for every i, θ. Since f is never pessimal
for these agents, we can always select some alternative, i.e. ai (·) is well defined. The g
thus constructed implements f in strict NE for those agents, and therefore g̃ is in strict NE
(agents who are not never pessimal have only a single/ trivial message in g̃). By Corollary
1, therefore, g truthfully continuously implements f .

P ROOF OF C OROLLARY 4. (1) and (2) The if part is obvious. The only if part follows
immediately from Corollary 2.
(3) Consider the DRM g defined among these agents such that g(sθ ) = f (θ ), further for
every pair θ and θ 0 , define:
0

g(siθ , sθj ) = a,
0

g(siθ , sθj ) = a0 ,
where a and a0 are the alternatives identified in the definition of strict self-selection. By
construction, g strictly rewards unanimity for both agents and each pair of states.

A.2. Proofs from Section 4
P ROOF OF T HEOREM 4. (⇒) For each θ ∈ Θ, fix some uiθ ∈ U for each
i ∈ I. Then, each
 
θ
(ordinal) state θ corresponds to a unique cardinal state θ, ui i∈ I ∈ Θ∗ and hence Θ
can be identified with a subset Θ of Θ∗ . Truthful continuous implementation in models
over Θ is precisely the notion studied in previous sections. Theorems 1 and 2 imply our
result.
(⇐) Since T is finite,

Θ ≡ θ ∗ ∈ Θ∗ : margΘ∗ κti [θ ∗ ] > 0 for some ti ∈ T i
is also a finite set. Thus, we can pick ε > 0 such that whenever g strictly rewards unanimity at θ over θ 0 , we have
h 


i
0
(1 − ε) ui g(siθ , sθ−i ), θ ∗ − ui g(siθ , sθ−i ), θ ∗ > εD, ∀θ ∗ ∈ Θ.
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where
D≡

max

θ ∗ ∈Θ,i,s,s0



ui ( g ( s ) , θ ∗ ) − ui g s 0 , θ ∗ .

The rest of the argument is similar to the proof of Theorem 2.



P ROOF OF T HEOREM 5. Before we proceed with this proof, we recall the definition of the
set of interim correlated rationalizable messages in Definition 6). We apply the definition
to the ordinal setup by replacing Θ with Θ∗ and still denote by Ri∞ (ti , M) the set of
interim correlated rationalizable messages.18 Observe that for every ordinal complete
information type Ri∞ tiθ , M ⊂ Ri∞ (θ, M).
We are now in a position to proceed with the proof.

(⇐): As in the proof of Theorem 3, it suffices to prove that if dp tn , tθ → 0 and
s̃i ∈ Ri∞ (ti,n , g̃) for all n, then s̃i ∈ Ri∞ (θ, g̃): since Ri∞ (θ, g̃) contains a unique ordinally
rationalizable message by Definition 9, it would follow that there is a unique interim correlated ordinally rationalizable message for nearby types.


∗
Since each agent has only finitely many messages in g̃, Ri∞ tiθ , g̃ = Rik tiθ , g̃ for some

finite k∗ . Thus, it suffices to prove that for each k, if dp tn , tθ → 0 and s̃i ∈ Rik (ti,n , g̃) for
all n, then s̃i ∈ Rik (θ, g̃).
Observe that Θ∗ is an open subset of the Polish space Θ × (R| A| ) I and hence also a
Polish space. Moreover, write ui (·, θ ∗ ) for the cardinalization of agent i at θ ∗ ∈ Θ∗ . Obviously, ui (·, θ ∗ ) is continuous in θ ∗ .19
We proceed by induction. The case with k = 0 is trivial. Now we prove the claim for

k ≥ 1, i.e. that if dp tn , tθ → 0 and s̃i ∈ Rik (ti,n , g̃) for all n, then s̃i ∈ Rik (θ, g̃), assuming
that it is true for k − 1.

Suppose that s̃i ∈ Rik (ti,n , g̃) for every n. Hence, there is some µn ∈ ∆ Θ∗ × T−i × S̃−i
such that (R1)-(R3) hold with respect to ti,n for each n. Since Ti is compact, {ti,n } is relatively compact. Since Θ∗ × T−i is Polish, by Prohorov’s Theorem, {ti,n } is tight. Hence,
for each ε > 0, there is some compact set Kε ⊂ Θ∗ × T−i such that κti,n [Kε ] > 1 − ε


for every n. It follows from (R2) that µn Kε × S̃−i > 1 − ε. That is, {µn } is also tight.
Again, by Prohorov’s Theorem, {µn } is relatively compact. Hence, {µn } has a limit point

µ ∈ ∆ Θ∗ × T−i × S̃−i . Let π ≡margUi ×S̃−i µ.
18An argument similar to the backward direction shows that R∞ has the usual best-response property,
i

which ensures that the iterative definition is still proper even though Θ∗ is not compact.
19Note that, as is standard, a different metric than the standard Euclidean metric is needed for the open
subset U of Rk to be complete. Let d(·, ·) denote the standard Euclidean metric, and C = R| A| \U. Consider
1
− 1 . Note that dˆ preserves d-open sets, but prevents sequences in
the metric dˆ( x, y) = d( x, y) +
d( x,C )

d(y,C )

U that converge to a point in C from being Cauchy.
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First, by (R3) of µn , we know that
n
o
µn
= 1.
(θ ∗ , t−i , s̃−i ) : s̃−i ∈ Rk−−i 1 (t−i , g̃)

By finiteness of S̃−i , the induction hypothesis implies that if dp tn , tθ → 0, there is some
subsequence, say itself, such that Rk−i (t−i,n , g̃) ⊂ Rk−i (θ, g̃). It follows from (R2), i.e. that
margΘ×T−i µn = κti,n and finiteness of T that
o
n
∗
k −1
= 1.
lim sup µn
(θ , t−i , s̃−i ) : s̃−i ∈ R−i (θ, g̃)
n

n

o
Since (θ ∗ , t−i , s̃−i ) : s̃−i ∈ Rk−−i 1 (θ, g̃) is closed and µ is a limit point of µn , Portmanteau
theorem implies that
hn
oi
µ (θ ∗ , t−i , s̃−i ) : s̃−i ∈ Rk−−i 1 (θ, g̃) = 1.

p
θ → 0 and µ satisfies (R2) with respect to t , it follows that
Second,
since
d
t
,
t
n
i,n
i,n
i
i i
h
k −1
θ
θ
π Ui × R−i (θ, g̃) = 1, where Ui is the set of utility functions consistent with θ. Finally,

since µn satisfies (R1) and ui s̃i0 , ·, · is continuous in (s̃−i , θ ∗ ),
s̃i ∈ arg max
s̃i0

Z
Θ∗ ×S̃−i


ui g̃(s̃i0 , s̃−i ), θ ∗ margµΘ∗ ×S̃−i [dθ ∗ , s̃−i ] .

Since π ≡margUi ×S̃−i µ, it follows that
s̃i ∈ arg max
s̃i0

Z
Uiθ × Rk−−i 1 (θ, g̃)


ui g̃(s̃i0 , s̃−i ), θ π [ui , s̃−i ] .

Thus, s̃i ∈ Rik (θ, g̃).
(⇒): As in the proof of Theorem 3, it suffices to prove the following Lemma.
L EMMA 3. Let ε ∈ (0, 1) and Ti,0,ε ≡ T i . Then, for each k ≥ 1, there is a model Tk,ε ⊃ T such
F
F
k
that Ti,k,ε ≡
Ti,k−1,ε .
θ ∈Θ Ri ( θ, g̃ )

This model Tk,ε has the property that for any BNE σ̃ in the game U ( g̃, Tk,ε ) with σ̃ tθ = δs̃θ ,
we have that for any for any action s̃i ∈ Rik (θ, g̃), there exists a type ti,k,ε (s̃i , θ ) in Ti,k,ε such that:

k 
k
(1) dik ti,k,ε
< ε, and,
(s̃i , θ ) , tiθ


k
(2) σ̃i ti,k,ε
(s̃i , θ ) = δs̃i .
P ROOF OF L EMMA 3. Formally, fix ε ∈ (0, 1) and we prove the claim by induction. First,
the claim trivially holds for k = 0. Now we prove the claim for k ≥ 1, assuming that it
holds for
each s̃i ∈ Rik (θ, g̃) is a best response against some belief
 k − 1. By definition,

π ∈ ∆ Uiθ × Rk−−i 1 (θ, g̃) . Let ϕi : Θ∗ → Uiθ be a mapping such that ϕi (θ ∗ ) = ui (·, θ ∗ ).

By the induction hypothesis, there is a one-to-one mapping η−i : Rk−−i 1 (θ, g̃) → T−i,k−1,ε
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such that
η−i,k−1,ε (s̃−i ) = t−i,k−1,ε (s̃−i , θ ) .
Then, define κti,k,ε (s̃i ) ∈ ∆ (Θ∗ × T−i,k,ε )


−1
+ εδ(s ,tsi ) .
κti,k,ε (s̃i ) = (1 − ε) π ◦ ( ϕi × η−i )
i −i
That is, with probability (1 − ε), type ti,k,ε (s̃i , θ ) believes that the cardinal state and opponents’ types are distributed according to that induced from π through ϕi × η−i (where
each t−i,k−1,ε (s̃−i , θ ) plays σ̃−i (t−i,k−1,ε (s̃−i , θ )) = s̃−i by the induction hypothesis); with
probability ε, type ti,k,ε (s̃i , θ ) believes that the state is some si from the equivalent class s̃i
and that the opponents have common belief about the state being si (and thereby plays
s 
σ̃−i t−i i = δs̃si ). Since s̃i is a best response against π and the unique best response against
−i
s 
si , s̃−i i in g̃, it follows that σ̃i (ti,k,ε (s̃i , θ )) = δs̃i . Moreover, since

  k −1 
k −1
k −1
di
t−i,k−1 (s̃−i , θ ) , tθ−i
<ε

k 
k
for each s̃−i ∈ Rk−−i 1 (θ, g̃), it follows that dik ti,k,ε
< ε.
(s̃i , θ ) , tiθ
As before, consider the countable model T where Ti =

F∞

k=1 Ti,k, 1k
Ri∞ (θ, g̃)


and Tk, 1 is given
k

as in Lemma 3. Further, by Lemma 3 for any message s̃i ∈
we can construct
a sequence of types in Ti converging to the complete information type tiθ such that the
unique BNE action in g̃ is s̃i . Truthful continuous implementability of f then implies that
s̃i = s̃iθ concluding our proof.
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