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Abstract

We propose and fully characterize a notion of selecting rationalizable actions via
perturbing players” higher-order beliefs, which we call the robust selection. Like the
WY selection (Weinstein and Yildiz (2007)), the robust selection generalizes the idea
behind the equilibrium selection in the email game (Rubinstein (1989)) and the global
game (Carlsson and Van Damme (1993)). Different from the WY selection, the robust
selection captures two robustness features of the selection in the global game (and the
email game). The robust selection is a strong notion in the sense that, among types
with multiple rationalizable actions, almost all WY selections are not robust; but it is
also a weak notion in the sense that any strictly rationalizable action can be robustly

selected.
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1 Introduction

One of the challenges that game theory faces is the prevalence of multiple equilibria,
which substantially limits the theory’s predictive power. Two seminal papers started a
literature that pursues the idea of refining predictions by perturbing players” higher-order
beliefs: Rubinstein (1989) on the email game and Carlsson and Van Damme (1993) on
the global game. Both papers demonstrate that in a complete-information coordination
game with two strict equilibria, we can perturb players’ higher-order beliefs to select
one equilibrium which is uniquely rationalizable. We review the idea in the following

example.

Example 1—The Global Game. There are two players whose payoffs depend on an un-

known parameter 6 € R as summarized in the following matrix.

Attack | No Attack
Gy : Attack 0,0 6—1,0
No Attack | 0,0 — 1 0,0

Suppose each player i receives a noisy signal x; = 0 4 ¢;, where ¢; is i.i.d. uniformly
distributed on the interval [—a, a] for some & > 0. Let ( %)ZX denote the type of player i
who observes x; = 3 given . When a = 0, type (%)? has common knowledge of 6 = 3
and it has two rationalizable actions, "Attack" and "No Attack." As« | 0, type (%)f can be
viewed as a small perturbation of the common knowledge scenario, and "Attack" is the
unique rationalizable action for every (%)f‘ with & > 0. In this sense, we say "Attack" is

selected for type (%)?

However, Morris and Shin (2003) observe that we may also select "No Attack" for
type (%)? if we take a different perturbation. Weinstein and Yildiz (2007) (hereafter, WY)
substantially generalize the idea. In particular, WY consider an incomplete-information
game in which players” higher-order beliefs are modeled as (Harsanyi) types and each
type identifies a belief about the payoffs (the first-order belief), a belief about the op-
ponents’ beliefs about the payoffs (the second-order belief), and so on. WY adopt the

following notion of selection which generalizes the global-game selection' to types with

IThroughout the paper, we use "the global-game selection" to represent the idea of selection displayed
in Rubinstein (1989) and Carlsson and Van Damme (1993).



incomplete information about the payoffs. An action a is said to be WY-selected” for a type
t if there is a sequence of types {t,} such that (i) {t,} (weak*-)approximates f up to any
finite order; (ii) a is the unique rationalizable action for every t,. WY prove a surprising re-
sult: if we relax all common-knowledge assumptions on payoffs, any rationalizable action
can be WY-selected for any (finite) type.® This result implies that multiplicity of equilibria
is an artifact of modeling assumptions and selecting any outcome does not yield robust

prediction beyond rationalizability.

However, we observe an essential difference between the WY selection and the
global-game selection: The global-game selection satisfies two important robustness fea-
tures that are not shared by the WY selection. Specifically, the global-game selection is
robust to slight misspecifications of best replies of the players as well as small measure-

ment errors in payoffs.

In this paper, we propose a new notion of selection — the robust selection, which not

only generalizes the global-game selection, but also captures the two robustness features.

These two robustness features are important because every game in economic mod-
els is at best an approximation of reality. The exact specification of best replies and the
precise measurement of payoffs are often costly and sometimes impossible. It is therefore
unrealistic to assume that players can keep track of all payoffs and figure out their exact
best replies, especially when the game is complicated. A modeler faces a similar diffi-
culty and may not be able to measure precisely players’ payoffs. These features are also
important in prominent applications of global games.* For instance, it is difficult to be-
lieve that economists can precisely measure the payoff of every investor in every possible

state, when they build models of bank runs or currency attacks.

To capture the two robustness features, we use e—best replies to define the robust
selection. In light of the issues mentioned above, many authors have argued that we
should consider solution concepts based on e—best replies, such as e—equilibrium or

e—rationalizability with ¢ > 0, instead of those based on 0—best replies, such as ratio-

2Throughout the paper, we use "the WY selection” to represent the selection studied in Weinstein and
Yildiz (2007).
SWY prove the statement for any finite type and Chen (2011) generalizes it to any type. Also Penta (2011)

and Chen (2011) gerenalize WY’s structure theorem to dynamic settings.
4See Morris and Shin (2003) for a survey of applications of the global-game selection.



nalizability or equilibrium.” For any ¢ > 0, we say an action is ¢—rationalizable iff it
survives iterated deletion of actions which are never eé—best replies.® Then, an action
a is said to be robustly selected for a type t if there exist ¢ > 0 and a sequence of types
{tn} such that (i) {t,} (weak*-)approximates t up to any finite order; (ii’) a is the unique
e—rationalizable action for every t,. So the difference between the WY selection and the
robust selection is that ¢ = 0 is considered in the former but ¢ > 0 is required by the latter.
We demonstrate below that the robust selection shares the two robustness features of the

global-game selection, while the WY selection does not.

First, the robustness to misspecifications of best replies is encoded in the definition
of the robust selection. Note that an ¢ —rationalizable action is also ¢—rationalizable if
¢ < e. As a result, if a is robustly selected for ¢, conditions (i) and (ii’) must continue
to hold for any ¢’ € (0,¢). Indeed, the global-game selection in Example 1 exhibits this
feature, i.e., for any ¢ € <O, %) , "Attack" is the unique ¢’ —rationalizable action for (%)f‘
with « sufficiently close to 0. We now illustrate by the following example that this is not

the case for some WY selections.

Example 2—WY Selection. There is one player and he chooses between two actions
{a,b}.” The player’s payoff depends on an unknown parameter § € {0y, 0,} and the

action chosen, as illustrated below.

action | payoff action | payoff
a 0 a 0
Gy :
b 0 b -1
0 = 90 0= 911

In this single-person decision problem, a type is identified by the player’s belief about the

SThe idea of e—equilibrium is first introduced by Radner (1980). Recently, Levine and Zheng (2010)
make the forceful statement that "the only meaningful theory of Nash equilibrium is Radner’s notion of
epsilon-equilibrium." See also Mailath, Postlewaite, and Samuelson (2005), Dekel, Fudenberg, and Morris

(2006), Jackson, Rodriguez-Barraquer, and Tan (2011).
®Recall that an action is rationalizable iff it survives iterated deletion of actions which are never (0—)best

replies. Here we follow Weinstein and Yildiz (2007) and Dekel, Fudenberg, and Morris (2007) to adopt

e—interim correlated rationalizability for incomplete-information games.
"For simplicity, we consider a single-person game in Example 2. The idea can be easily extended to

multi-person games.



parameter 6. For n € INU {co}, define type t, as

1 1

n n
where t, [0] denotes the probability that type t, assigns to 6. Clearly, a and b are both
rationalizable for t., and {f,} converges t«, but a is uniquely rationalizable for every t,,
i.e., ais WY-selected for t. However, for any € > 0, both a and b are e—rationalizable for
t, with sufficient large #, i.e., the WY selection is not robust to misspecifications of best

replies.

Second, the robust selection is also robust to (small) measurement errors in payoffs.
To see this, we say a game G is a y—approximation of another game G’ (with the same
sets of actions and players) iff the payoffs of any outcome in G and G’ differ at most
by v > 0. Due to measurement errors, a game in an economic model may only be a
y—approximation of the true strategic situation, where < represents the measurement er-
ror. The modeler may improve the approximation by reducing -y, but a perfect modeling
(v = 0) is unlikely to be achieved. We say a selection notion is robust to measurement
errors iff an action 4 being selected for a type t in a game G implies that there exists v > 0
such that a continues to be selected for t in any y—approximation of G. Again, the global-
game selection is robust to measurement errors, while this is not always the case for the
WY selection.

Example 1 Revisited. Suppose we modify the true payoffs in Example 1 as follows (where

—& <7, <&m=12..,8).

Attack No Attack
Gi: | Attack |0+7,0+7 | 0—1+7357,
No Attack | 75,0 — 1+ 4 V7,78

Both "Attack" and "No Attack" are rationalizable for (%)?, but "Attack" is the unique ra-

tionalizable action for (3){ with a sufficiently close to 0.

Example 2 Revisited. Suppose we modify the true payoffs in Example 2 as follows (where



Y9 > O)

action | payoff | | action | payoff
a 0 a 0
b Yo b -1
6 =0 0 =6,

Clearly, a cannot be WY-selected for fo..

In this paper, we first prove that the robust selection is robust to measurement errors
(Theorem 1). Second, following the same setup as in WY, we show that the theory based
on the robust selection is very different from that based on the WY selection. Recall that
WY’s main result is that any rationalizable action can be WY-selected for any finite type.
We show that this result changes dramatically when we replace the WY selection with
the robust selection: Among types with more than one rationalizable actions (i.e., types
for which the prediction needs to be refined), the robust selection is generically impossible
(Theorem 2). We prove this by showing that, generically, multiplicity occurs due to a

payoff tie, as in the single-person decision problem in Example 2.

In contrast to the negative result above, we prove that any strictly rationalizable (or
strict equilibrium) action can be robustly selected (Theorem 3). This result sheds light on

why the strict equilibria selected in the email game and the global game are robust.

Finally, we propose a notion called e—strict curb collection (e—SCC), and we show that
it fully characterizes the robust selection for any complete-information types (Theorem 4),

and more generally, for any finite types (Theorem 5).

The rest of the paper is organized as follows. Section 2 presents preliminaries. Sec-
tion 3 proves the generic impossibility of the robust selection. Section 4 fully characterizes
the robust selection. Section 5 discusses the implications of our results and related issues.

Some technical proofs are relegated to the Appendix.

2 Preliminaries

For any metric space Y, let A (Y') denote the space of all probability measures on the Borel

o-algebra of Y endowed with the weak™-topology. Every product space is endowed with
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the product topology and every subspace is endowed with the relative topology. Every
finite or countable set is endowed with the discrete topology. For a finite set E, let |E|
denote the cardinality of E. For any u € A (Y), let suppu denote the support of y, i.e., the

intersection of all closed sets with y—measure 1.

2.1 The model of incomplete information

Fix a finite set of players N = {1,2, .., n} and a finite set of payoff-relevant parameters ©.
By a model, we mean a pair (T, «), where T = Ty X T, X - - - X T, is a compact metric space.
Each t; € T; is called a type of player i and it is associated with a belief x;, € A (@ x T_;).
Assume that t; — x;, is a continuous mapping. A model (T,x) with |T| < oo is called a
finite model.

Given any type t; in a model (T, k), we can compute the first-order belief of ¢; (i.e.,
his belief on ©) by setting t! equal to the marginal distribution of x;, on ©. We then
compute the second-order belief of ¢; (i.e., his belief about (9, tli)) by setting

2 (F) =, ({(6,t): (6,61,) e F})

for every measurable F C © x [A (©)]""!. We can compute the entire hierarchy of be-
liefs (t},£7, ..., ti-‘, ..) by proceeding in this way and write k; (t;) = (t, 7, ..., tk, ...) for the

resulting hierarchy of beliefs.

We endow © with the discrete metric. Let YO = ® and Y**! = Y x [A (Yk)}n_l
for every k > 0. We will work with the universal type space T constructed in Mertens
and Zamir (1985) which is a subset of X2 ;A (Yk). Mertens and Zamir (1985) show that
for any type f; in any model, there is some t; € T such that t/ and t; have the same
hierarchy of beliefs (i.e., ; (t;) = h; (!)), and moreover, T (endowed with the product
topology) is a compact metric space homeomorphic to A (© x T*,). We use k' to denote
the homeomorphism. Then, (T*,x*) is itself a model where x; = «7 (¢;) for every t; € T
Let d; be the metric on T;".

A type t; € T/ is said to be a complete-information type if there exist some 6 € ©
and some t_; € T*, such that Kf], [(6,t_j)] = 1forevery j € N. We use t9 to denote the

complete-information type for which 0 is common knowledge. A type t; € T} is a finite



type if there exists some #/ in a finite model such that h; (t;) = h; (t}). For example, a
complete-information type is finite. For a sequence of types {t; ,,} and a type t;, we write
tim — ti when {t; ,,} converges to t; in the product topology. That is, t; ,, — t; iff ti-‘ m ti.‘

in the weak*-topology for every k > 1.

2.2 The game and solution concept

Each player i has a finite set of actions A;, which we fix throughout the paper. Let A =
IT;cyA; denote the set of action profiles. A game is a tuple G = (u;);c), Where u; :
® x A — R is player i’s utility function. WY’s Richness assumption can be stated as

follows.

Definition 1 A game G = (u;),. satisfies the Richness assumption if for every i € N and
every a; € A;, there exists 0% € © such that u; (0%, a;,a_;) > u; (0%, al,a_;), Val # a;, Va_,.

Except for Section 2.3, we consider a fixed game which satisfies the Richness assumption.

Following WY, we adopt the solution concept of interim correlated rationalizability
(ICR) proposed in Dekel, Fudenberg, and Morris (2006, 2007) and restrict our attention to
the universal type space.® For any 7 € A(® x A_;) and any ¢ > 0, we use BR; (71, G, ¢)

to denote the set of e—best replies to 77 in game G = (u;);.- That s,

BR; (7, G,¢) = {ai €A Y [ui(0,a,a_;) —u; (0,a;,a_;)] m[(6,a_;)] > —¢,Vaj € Ai} .

G,a,i

We can similarly define the set of strict e—best replies to 77in game G = (u;);cy- That is,

BR? (71, G,¢) = {ai €A ) [ui0,a,a_;)—u(0,a},a_;)] w[(6,a_;)] > —¢ Va; # ai} .

9,&,1'
In any model (T, ), a type t; € T; and a measurable functiono_; : @ x T_; — A(A_))
define a distribution on ® x A_; as follows, which is denoted by 714, , € A (© x A_;).

Mo [(0,0-1)] = /‘Ti (0,t7;) [a—i] xe, [(6,dt";)] ¥V (0,0-;) €O x A,
T_;

8This is without loss of generality because the (e—)ICR actions of a type are fully determined by its
belief hierarhy (see Dekel, Fudenberg, and Morris (2007)) and the universal type space contains all belief

hierarchies (see Mertens and Zamir (1985)).



Given any model (T,«) and any ¢ > 0, the e—~ICR actions of a type t; in game G,
denoted by S%° [t;, G, €], is defined as

S [ti,G,e] = () SK[ti, G, ]
k=0

where

SV, G e] = A,
and inductively, for each integer k > 1, a; € SZ.‘ [t;, G, €] if and only if there is a measurable
function _; : ©@ x T_; — A (A_;) such that’

a; € BR; (7m0 ,,G,€) and
suppo_; (6,t_;) C H]-#sjfl [tj,G,¢€] forall (6,t_;) €@ x T_,.

Define S*; [t_;, G, ¢] = 11455 [ti,G,€]. A measurable functiono_; : @ x T_; —
A (A_;) is called a conjecture. We say o_; is an e—valid conjecture in G if suppo_; (6,f_;) C
S [t_i, G, ¢ forall (6,t_;) € ® x T_;. Dekel, Fudenberg, and Morris (2006, 2007) show
thata; € S° [t, G, €] iff a; € BR; (71,0 ,, G, €) for some e—valid conjecture o_;, and more-

over, S [t;, G, e] # @ for any t; and any & > 0.

2.3 WY selection and robust selection
We define the WY selection and the robust selection as follows.

Definition 2 An action a; is WY-selected for t; € T in G, if there exists a sequence of types
{tim} such that t;,, — t;and S [t; ,, G,0] = {a;} for every m.

Definition 3 An action a; is robustly selected for t; € T} in G, if there exist ¢ > 0 and a sequence

of types {t; ,, } such that t; ,, — t; and S3° [t; ,,,, G, €] = {a;} for every m.

We say a type t admits a robust selection (resp. WY-selection) if there is some action
which can be robustly selected (resp. WY-selected) for t. Our first result shows that the

robust selection is robust to measurement errors.

9See, for example, footnote 16 in Chen, Di Tillio, Faingold, and Xiong (2010) for an explanation why we

can make suppo_; (6,t_;) C 5%, [t_;] "forall (6,t_;)" instead of "for x{ —almost all (6,¢_;)."
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Theorem 1 If a; is robustly selected for t; in G = (u;), then there is some -y > 0 such that a; can
still be robustly selected for t; in any G' = (u}) such that

i (6,a) —u; (0,a)] <,V (i,0,a) € NxOx A

Proof. Since 4; is robustly selected for ¢; in G, there exists some ¢ > 0 and some sequence
of types {t; ,, } such thatt; ,, — t;and {a;} = S{° [t; ,, €] for every m. Hence, every a; (# a;)
is not e—rationalizable for t; ,, in G. Let v = &/4. By (Dekel, Fudenberg, and Morris, 2006,
Lemma 10), every a; (# a;) is not y—rationalizable for t; ,, in G'. Since S° [t; ,,, G, €] # @,
it follows that S° [t; ,,, G’, v] = {a;}. Thus, a; is robustly selected for t; in G’'.l

3 Generic impossibility of robust selection

Hereafter, we fixed a game G = (u;),. Which satisfies the Richness assumption. Thus,
we simplify the notation by writing S, [t_;, €] for S%; [t_;, G, ¢]. Furthermore, if ¢ = 0,
we will write 53 [t;] for S§° [t;, 0]. Similarly, all notations without an explicit reference to ¢

should be understood as having an implicit reference to ¢ = 0.

In this section, we demonstrate that the robust selection is generically impossible
among types with multiple rationalizable actions. To achieve this, we first follow WY
to partition the universal type space into two parts: the set of types with multiple ratio-
nalizable actions, denoted by M;, and the set of types with unique rationalizable actions,
denoted by T\ M;.

Ml' = {ti & Ti* : |Sfo [ti” > 1} and Tz*\Mz = {ti c Ti* : |Sfo [tiH = 1}.

Our analyses focus on M; because there is no need to refine the prediction for types out-
side M; who have a unique rationalizable action.'? Let M!® (C M;) denote the set of types
that admit robust selections. Let Mfuy (C M;) denote the set of types that admit WY se-
lections. WY prove that M;Uy = M,.

9By (Dekel, Fudenberg, and Morris, 2006, Lemma 1), if S° [t;] = {a;}, there is some ¢ > 0 such that
S [ti,e] = {a;}. It follows that every type with a unique rationalizable action admits a (trivial) robust

selection (of its only rationalizable action) by taking the sequence {f; ,,} with t;,, = t; for all m.
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A meager set is a countable union of nowhere dense sets and the complement of a
meager set is called a residual set. That is, a residual set is a countable intersection of
open and dense sets. A set is said to be generic if it contains a residual set; a set is said to
be non-generic if its complement is generic.!! Theorem 2 says that types in M; generically

do not admit any robust selection, which is in sharp contrast to the fact that M;” = M,;.
Theorem 2 M* is a non-generic set in M,;.

As M?}y = M;, Theorem 2 implies that "almost all" WY selections for types in M; are
not robust and thus provides a sense in which the phenomenon exhibited in Example 2
prevails. To prove Theorem 2, we show that M;\ M contains a residual set. Consider the
following sets.
Biw = {ti € M; : k1. [© x (T*;\M_;)| =1} ;

Bi,n = {ti € Mi : K;kl, [@ X (le\M,Z)] >1— %},Vn € IN.

Theorem 2 is then a direct consequence of the following three lemmas. The proofs can be

found in Appendix A.1.
Lemma 1 B;, is open in M;.
Lemma 2 B; ., is dense in M;.
Lemma3 B;, C M;\M".

Proof of Theorem 2. Clearly, B;, C B;, and N’ ;B;, = B, . Hence, by Lemma 1 and
2, B; , is open and dense in M;. Consequently, B; ., is a residual set in M;. Therefore, by

Lemma 3, M’* is non-generic in M;.l

Lemma 1 is a technical result. The intuition of Lemma 3 is similar to the idea of

Example 2 in Section 1. Facing opponents with unique rationalizable actions, every type

1 This is a standard notion of topological genericity and it is adopted by several recent papers, for exam-
ple, Barelli (2009), Chen and Xiong (2011b), Dekel, Fudenberg, and Morris (2006), Ely and Peski (2011).
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in B, has a unique conjecture about their opponents’ rationalizable actions, and hence, its
multiplicity of rationalizability is due solely to payoff ties, just like the player in Example

2. As a result, this type does not admit any robust selection.

To illustrate Lemma 2, we revisit G; in Example 1 with 6 € {—2/5,2/5,6/5}.12

Attack | No Attack
Gy : Attack 0,0 6—1,0
No Attack | 0,6 — 1 0,0

Recall that we use t? to denote the complete-information type for which 6 is common
knowledge. First, observe that both actions are rationalizable for tf/ 5 In their Example 3,
WY recap the idea of Rubinstein (1989) to show that we can select either "Attack" or "No

Attack" for t?/ 5 The selection is in fact a robust one.

We show below that there exists a sequence of types {t;} such that ¢;; — tl-z/ > and
tik € Bjo for every k. Consider a type t;1 € B, « defined as follows.

w [{(0=2/502 )} =2/5
wi [ {(6=2/5 62} =35

Note that the unique rationalizable action for t:?/ % is "No Attack", while the unique ratio-
nalizable action for t(i/f is "Attack." Thus, every rationalizable action of t; ; must be a best
reply to the belief which assigns probability 2/5 to (6 = 2/5, No Attack) and probabil-
ity 3/5 to (6 = 2/5, Attack). Given such a belief, both "Attack” and "No Attack" deliver
the same payoff and they are both rationalizable for ¢; ;. Therefore, t;1 € B; and t;;
shares the same first-order belief with tf/ 5 ie., they both believe that 8 = 2/5 occurs with
probability 1.

Similar, we can construct t;, € B; . and t;; approximates tl-z/ 5 up to the kth-order
belief. To see this, recall that tl.z/ > assigns probability one to <9 =2/5, tz_/i‘r’). Since both
"Attack" and "No Attack" are rationalizable for tz_/l-5, we can apply WY’s result to find types
t4 ix_1 and tN z{f‘k—l who have beliefs approximating tiz/ > up to order k — 1 and "Attack"
and "No Attack" are their unique rationalizable actions, respectively. Consider a type

tix € Bjo defined as follows.

K, H (0 =2/5,tN4_, )}] — 2/5;

12This is WY’s example 3 which is modified from Rubinstein (1989) and Carlsson and Van Damme (1993).
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w, [{(0=2/5121)}] =3/5.

Then, again, every rationalizable action of ¢;; must be a best reply to the belief which
assigns probability 2/5 to (8 = 2/5, No Attack) and probability 3/5 to (6 = 2/5, Attack).
Thus, both actions are rationalizable for t; ;. To sum up, we find a sequence of types {t; ; }
in B; o, such that t;  — tlz/ °,

Observe that the multiplicity of rationalizable actions of tl-z/ % and t; x occurs for dif-

ferent reasons: for tf/ >, there is a coordination problem because his opponent also has

two rationalizable actions; for t; ,, multiplicity occurs simply due to a payoff tie.

4 A full characterization of robust selection

In light of the negative result that "almost all" WY selections are not robust, we may
wonder when we are able to obtain a robust selection. In this section, we provide a full
characterization of the robust selection. We first restrict attention to complete-information
scenarios, i.e., types under which payoffs are commonly known among players. Indeed,
this is one of the most commonly imposed common-knowledge assumptions in economic

models. Also, the idea of our characterization is most transparent in these scenarios.

In Section 4.1.1, we show first that every strictly rationalizable action can be robustly
selected. In Section 4.1.2, we propose a notion called e—strict curb collection which fully
characterizes the robust selection. In Section 4.2, we extend these results to finite types,

for which WY prove that every rationalizable action can be WY-selected.

4.1 Complete-information types

We first study complete-information types. Recall that a complete-information type is a

type t; € T such that there exists some (6,f_;) € © x T*. with K [(5,5_]')} =1 for
]

every j € N. For the complete-information types (f;,f_;), they are facing the complete-

information game G = (ﬂj)].e § With @ (a) = u; (6,a) for every € A. Note that in this

case, since K;j [(6,_j)] = 1forevery j € N, any Mo, €A ({6} x A_;) can be identi-

fied by a belief 7 € A (A_;) and the meaning of notations, such as BR; (7, ¢), BR; (7),

-]
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BR? (7, ¢) and BR;} (77), should be clear.

4.1.1 Strict rationalizability and robust selection
We define strict rationalizability and present the main result of this sub-section as follows.

Definition 4 An action a; is strictly rationalizable in G if there exists some <R‘-’) C (Aj).
] ]EN ] ]EN
such that

i)a; € R? and

ii) for every j € N and every a; € R?, there exists T € A (Ri]) such that a; € BR7 (77,0).
Theorem 3 An action a; can be robustly selected for t; if a; is strictly rationalizable in G.

Similar to WY’s result that every rationalizable action can be WY-selected, Theorem
3 says that every strictly rationalizable action can be robustly selected. In fact, the proof
of Theorem 3 is similar to the proof of WY’s Lemma 7: By induction, we show that there
exists v > 0 such that for any positive integer m, any player j and any strictly rationaliz-
able action a; in G, we can find some t;m such that t; ,, and fj have the same beliefs up to
order m and S%° [tim,v] = {aj}. The initial step (i.e., m = 1) is implied by the Richness
assumption. In fact, Theorem 3 holds for any finite types, which is a corollary of our full

characterization below (see Theorem 6).

However, we may have an action such that it can be robustly selected, but it is not

strictly rationalizable. This is illustrated in the following example.

Example 3. Consider the following two-player game.

C D |D C D |D
Gs - Al1,1]00]0,0 Al0,01]01]0,0
B|[00|1,1]1,1 B|00/01]0,0

0 =03 0 =06p

When 6 = 63 is commonly known, neither D nor D' is strictly rationalizable for player 2.

As a result, B is not strictly rationalizable for player 1. Nevertheless, B can be robustly
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selected for t%. Define a sequence of types {t,, } as follows, with t,, being player 1’s (resp.

player 2’s) type if m is odd (resp. even).
tg = th and «j [(63,tm—1)] =1, Vm > 1.

Clearly, toy,—1 — t{;B and ty,, — tga. Moreover, S5° [t2,—1,1/2] = {B} and S5° [toy, 1/2] =
{D,D'} for any positive integer m. Therefore, B can be robustly selected for 7.

4.1.2 The full characterization

Recall that an action is e—rationalizable for player i iff it is a e—best reply to some e—valid
conjecture. In the complete-information scenario, a conjecture is simply a belief about
A_;. To fully characterize the robust selection, we consider a particular way to form
conjectures. First, player i has a theory, denoted by 1_;, which is a distribution on subsets of
A_jie,n_; € A(24-1\ {@}). Second, a conditional conjecture ¢_; : 241\ {@} — A (A_;)
is a function mapping each subset R_; C A_; to A (R_;), i.e, ¢_; (R_;) € A(R_;). That
is, conditional on each R_; C A_;, player i further forms a belief on the distribution

of actions in R_;. Then, each pair (7_;, ¢_;) naturally induces a (composite) conjecture,

denoted by a(j.’i'(p’i) € A(A_;), as follows.

(_’71.—1"4’—1') [a_;] = Z n_;[R_i] x ¢_; (R_;) [a_i],Va_; € A_;.

R_;e2-i\{2}

g

Definition 5 For any ¢ > 0, an e—strict curb collection (e—SCC) in G is a profile of collections

of actions (R;);cy (ie., Ri C 24\ {@}) such that for every i € N and every R; € R;, there
exists a theoryn_; € A (R_;) (where R_; = {(Rj)#i :Vj#i,Rj € Rj}) such that

R; D BR? <(7(_17i_i'q)_"), s) , Veonditional conjecture ¢_;. (1)

The notion of e-SCC is closely related to the notion of curb set proposed in Basu and

Weibull (1991) for complete-information games.'> We now state our full characterization

of the robust selection.

BIf (B;);cy With B; C A; is a curb set in G in the sense of Basu and Weibull (1991), then
{{{ai} : a; € B;}},cy isae—SCC in G for some ¢ > 0.
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Theorem 4 An action a; can be robustly selected for t; iff {a;} € R; for some e—SCC (R;)
in G with e > 0.

jEN

We use two propositions below to prove Theorem 4. The "if" and "only if" directions

of Theorem 4 are direct consequences of Propositions 1 and 2, respectively.

Proposition 1 If (R]-)]. cy 1841 e=SCC in G for some e > 0, then for any R; € R;, there exist

v > 0 and a sequence of types {t; ,, } such that t; ,, — t; and S [t; ,,, ¥] C R; for every m.

Proof. By the Richness assumption and finiteness of the action sets, there exists some
v € (0,¢) such that for each j € N and each a; € Aj, we can find some 6% € © with

7] = (e

For notational ease, we assume that the statement — "types t; and t/ have the same
belief up to order 0" — is always true for any two types t; and t/. Then, Proposition 1 is an

immediate consequence of the following claim.

Claim. For each integer m > 0, each j € N and each R; € R;, we can find some finite type
timR; € T].* such that (I) S;?" [t]-,m,Rj,'y} C Rj; (1D tjm,R; and f]- have the same beliefs up to order
m.

Proof the Claim. We prove the claim by induction. The claim for m = 0 holds by picking

any aj € Rjand tjor, =t j "I, We now assume the claim is true for m and prove below the

case of m + 1.

By R; € R; and the definition of e—SCC, there exists a theory 7_; € A (R_;) such
that
R; D BR}’ (U(_ﬂi_i'q)_i), s) , Vconditional conjecture P_j.

Since ¢y € (0,¢), we have

1 —1

R; D BR} (0(’7.“(’)1'), s) D BR; (a(7i'(’)i), 'y) , Veonditional conjecture ¢_;.  (2)

Recall that t; = t]é. By the induction hypothesis, for each j* # j and each R € Ry,

there is some t]-/,m,R],, satisfying (I,;;) S;?," [tj’,m, Ry 'y] C Ry; (W) tyr Ry and fj/ have the same
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beliefs up to order m. Define t_; R ;= (tj’,m,R]./>].,7é].- We then define ¢}, 11, R; € T]?" as the

type which has the following belief (recall T;" is homeomorphic to A (@ x T* j) )-

. )i (Ry), ife=6; ‘ |
K mns, | (O1imr )| = { . osg TENRGERS O

By condition (II;), condition (II) is satisfied for ¢; 1, R;-

We prove condition (I) for £ 11, R; as follows. Pick any a; € S}X’ |:t]',m_|_1, R;s 'y] ,and we
show aj € Rj. By aj € S}?" [tj,erl,Rjr'Y} , we can find a y—valid conjecture o_j: O x Tf]- —
A (A_;) such that

4 € BR} (7t 100 507) - )
Since o is y—valid, by condition (I;), we have
i (Bt mr ) €B(R).
Define a conditional conjecture ¢ jas
9 (R)=c (0t jmr,) €D(R),VENYR jER . (5)
We then have

0(7*1"%1‘) [a_j] =

Y [(6,a_;)] foranya_; € A_j, (6)

which further implies
[/
BR] <0'(_1 ), r),) = BR] (ntj,nz+l,Rj'U—j’ ’)’) . (7)
Combining (4), (7) and (2), we have
M_i,P—i o (’77;'/4’71‘)
aj € BR]‘ (n—tj,m-&-l,Rer—j”)/) = BR]' (0'(_1. ), r)/) C BRj (O'_i p 8) - R]',

which implies that condition (I) holds for tm+1,R;-

Finally, to see (6) is true, fixand a_; € A_;, and we get

E?-‘”’"') [a-]
= Y, 7[RI xe (R ) [a]

R je2"-i\{o}

o
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(W—z’/q)fi)

where the first equality follows from the definition of ¢ ; the second equality fol-

lows from (3) and (5); the last equality follows from the definition of 7; |

jam+LR; T~

Proposition 2 For any € > 0 and every j € N, define

Ri= {Rj C Aj: Jasequence of types {tju} s.t. tjm — tjand S7° [t;m, €] = R; for every m}

Then, (R]-)].GN is an e—SCC in G.

Proof. We show that (ﬁf)je N

sequence of types {t;,, } such that t;,, — ; and s [tim €] = R; for all m. We will show
that

isan e—SCC. Take any R; € ﬁj. By definition, there is some

Jatheory n7_;st. R;j D BR; (gg‘f’(’)‘f), €> , Veonditional conjecture ¢_;.  (3)

For any r > 0 and any j/ € N, let B (t]-/,r> denote the open ball around ¢; with
radius . We then show (%) holds in three steps.

Step 1. There exists { > 0 such that 55 [t]-/, s} € ﬁj/ for every j' € N and every t; € B <fj/, C).

Suppose that step 1 does not hold. Then, for each m, there exist some j/ € N and
some ty, € B <?]v, %) such that S;-’," [t]'/,m,s} ¢ ﬁj/. By finiteness of players and ac-
tions, there exist some j” € N, some Ry» C A and a subsequence of {t'//

j ,mk} such that
S;/c/) |:t]-//,mk,8i| = R]'// ¢ ﬁ]’// for all k. Since t]'//,mk cB (Ej”/ n%{) for all k, we have t]'//,mk — Ej”/

Xhich, together with S;’,‘? [t]'//_’mk,s] = Rjn for all k, implies Rjn € ﬁju by the definition of
R]'//. This contradicts Rjn ¢ R]-//.

Step 2. Construction of the theory 1 _ i

Partition T* jas follows.

R_; * [o'e) —7
T_],] e {t_] € T_] . S_] |:t_]'/8:| - R—]} IVR—j € 2A ]\ {@} : (8)

For each tims the belief KZ‘], . induces a distribution on 24~ ,1.e.,

Mg R =57, [@x TS| VR € 240\ {2} ©)
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By finiteness of A_;, {17_ j,m} has a convergent subsequence, say itself. Then, define the

theory 7 _; as follows.

- [Roj] = lim n_;, [Rj],VR_; € 2%\ {&}. (10)
Note that
n_;[Rj]=0VYR ;¢ R (11)

By finiteness of actions, (11) implies 77_; € A (R_;), i.e., 17_; is a valid theory.

To see (11) is true, fix any R_; ¢ ﬁ_j. By step 1, for any t_; € Il (Ej,,g),
5% [t_j,€] # R_;. Hence,

(1148 (£,0) )N TS = 2. (12)

Furthermore,
lim g [©x 1B (5,0)] = lim x; |©x 1148 (7,0 | (13)
> |©x 108 (F,2)]
— 1,

where the first equality follows from (9); the inequality follows from the facts that K;‘j o

K%kj and [@ X Iy B (fj/, 4 ﬂ is open (see Lemma 4); the last equality follows the facts that
(0,f)) € © x ;B (E].,,z;) and ; [(6,F;)] = 1. Finally, (12) and (13) imply (11)

Moreover, the following facts will be useful for our proof. Since t;,, — t; and
K%kj [@\ {6} x Ti]} =0, we have

Tim k7 [(©\{8}) x ;| = 0. (14)
(10) and (14) imply
. R T R
lim g, [R] = lim x; |©xT7| = lim «; [{8} x T (15)

Step3.a; € Rjif a; € BR; ( (7 - ) s) for some conditional conjecture p_j le., (%) holds.
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(’7—] =

Fix any aj € BRO S

€> for some conditional conjecture ¢_;, and we show

aj € R]-. By finiteness of actions, we have

aj € BR°< (17 ) ) C BR; ( <’I jlq)j),e’) for some ¢ < e. (16)

—j —j

Define an e—valid conjecture o_; : @ x T* j— A (A ;) as follow.
R_:
_j (9, t_]') =¢_ ( _]) iff (9, t_]') S T—j]' (17)

R_; . . .
By the definition of T i L o_ j is a e—valid conjecture. We thus have

tim e (@) =) o] Vo e A a8
im 7y o [(0,a-5)] =0,¥0 #0,Va_; € A (19)

(19) is implied by (14), and (18) will be proved later. Then, for any a;- € A/, we have

n%l_rgo ) T [(6,a_;)] (uj (6,aj,a_;) — (9 ai,a ]>> (20)

(G,a,j)€®><A,]v

= lim Y om0 [(6,a )] x (“J‘ (8,aj,a-j) - (9 aj,a J))

m_woa,]veA,j
— ;1 (Tg_j’q)_o [a_j] x (uj (0,aj,a_;) — (9 a,a ]>>
a_jeA_
> —¢
> —g, (21)

where the first equality follows from (19); the second equality follows from (18); the first

inequality follows from (16); the last inequality follows from ¢’ < ¢.
q y q y

By (20), we have the following inequality for sufficiently large m.

Y e (00 )] x (w000 ) — 7 (6, ) > e, Va) € 4],

(G,a,j)GGXA,]-

ie., a; € BR; (nt].,m,gfjﬁ). Finally, recall that S}?" [t]-,m,s} = R; for all m, and we conclude
that aj € R;.
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The last step is to show (18). Foreacha_; € A;, we have

lim 7 o [(6,a-;)] = lim [o; (5, t'—j) -], [(adt/—f)]

m—oo / m—00

T

= gmo 2 [ (@r) e, [(0.00)]
R-je2"I\{e} R
—J
= lim Y w [T xRy [asy)

R je2’-i\{z}

= Y, o [Rylxej(Ry)[aj]

R_je2"-i\{z}

(’7.71‘"”71’) [a_j]

= 0
-]

where the first equality follows from the definition of 7, ¢ ;; the second equality fol-
lows from the fact that {Tifj :R € 2457\ {@}} partitions T_;; the third equality fol-
lows from (17); the fourth equality follows from (9) and (10); the last equality follows

e . n_iP—j
from the definition of ¢ * j e ) y |

4.2 Finite types

We now extend the full characterization of the robust selection to finite types. Here, given
a finite model (T, «), a theory for player i is a (measurable) function_; : ©® x T_; —
A (24-1\ {@}); a conditional conjecture ¢_; : @ x T_; x [24-\ {@}] — A (A_;) is a (mea-
surable) function mapping each (6,t_;, R_;) to A(R_;), i.e, ¢_,;(0,t_;,R_;) € A(R_;).
(’7—1'/4’—1') - O x

Then, each pair (17_;, ¢_;) defines a (composite) conjecture, denoted by ¢,

T_; — A(A_;) such that

) @t yad= Y g @t Rl X @ (6,f-5 Ri) [ai], Va_; € A
R_;e2-i\{2}

Definition 6 Given a finite model (T,x) and ¢ > 0, an e—SCC in (T,x) is a profile of corre-
spondences'® (R; : T; = 24\ {@}),_ such that for every i € I, every t; € T;, and every R; €

14We use "=" to denote correspondence, i.e., f : X = Y means f (x) C 2¥\ {@} for every x € X.
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R (t;), there exists a theoryn_;: @ x T_; — A (24-\ {@}) withn_, (6,t_;) € A(R_; (t_;))
forall (0,t ;) € ® x T_; (where R_; (t_;) = {(Rj)].# Vi # i, Rj € Rj (1) }), such that

R; D BR} (7‘( (119 i)7 8) , Veonditional conjecture ¢_.
o

M

Definition 6 corresponds to Definition 5 for complete-information types. Similarly,
Theorem 5 and Propositions 3 and 4 below correspond to Theorem 4 and Propositions 1

and 2 for complete-information types, respectively.

Theorem 5 Given a finite model (T, x) and t; € T;, an action a; can be robustly selected for t; iff
{a;} € R; (t;) for some e—SCC (Rj)].eN in (T, x) withe > 0.

The "if" and "only if" directions of Theorem 5 are immediate consequences of Propo-

sitions 3 and 4, respectively.

Proposition 3 Given a finite model (T,x) and € > 0, if (R;)._, is an e=SCC in (T,«) and
jEN

R; € R;(t;) for some t; € T;, then there exist v > 0 and a sequence of types {t; ,, } such that

tim — tiand S° [t; u, v] C R; for every m.

Proposition 4 Given a finite model (T,x) and e > 0, for every j € N and every t; € T;, define

R} () = {R]- C Aj: Jasequence of types {tjm} s.t. tjm — tjand S [t; €] = R]',Vm}.

Then, <R-T> is an e—SCC.
I JEN

We relegate the proofs of Propositions 3 and 4 to Appendices A.2 and A.3 as they
are very similar to the proofs of Propositions 1 and 2. For any finite type t;, the basic idea
is to apply the arguments for the complete-information type to each of the finitely-many
types on the support of t;. In fact, the arguments in Propositions 3 and 4 go through as
long as each type in the model (T, x) assigns positive probability to finitely-many types.
There are infinite types that satisfy this property, e.g., the email game sequence types
constructed in (Dekel, Fudenberg, and Morris, 2006, Figure 1 of Example 1).]5

We now generalize Theorem 3 to finite types as a corollary of Theorem 5.

15The characerization for general infinite types remains an open question.
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Definition 7 An action a; is strictly rationalizable for a type t; in a model (T, ) if there exists
o . o. A;
(Rj>]_€N with R} : Ty — 2%\ {@} such that

i)a; € R? (t;) and

i) for each j € N, each t; € T, and each a; € R} (t;), there exists some conjecture o_; such

that a; € BR? <7‘L’t o ) and suppo_; (6, ;) C R°; (t_;) for every (6t ;).

Theorem 6 An action a; can be robustly selected for t; in a finite model (T, x) if a; is strictly

rationalizable for t; in (T, x).

Proof. Since a; is strictly rationalizable for f; in (T,x), by ii) in Definition 7, for each
j € N, each t; € Tj, and each a; € R} (), there exists some conjecture 0 —ja,t such that
aj € BR? (nt].,g st ) and suppo_j,. . (6,1—j) C R?,; (t_;) for every (6,¢_;). Since both T
and A are finite, there exists ¢ > 0 such that for any ] € Lany t; € Tjand any a; € R? (1)),

we have

Y, m g, [(6,a_)] (u]- (0,aj,a_;) — (9 ai,a_ )) > ¢, Va € Aj\ {a;}.

(9,&1,]‘)614
This implies
BRS (70, ) = {a}- (22)
is an e—SCC. For any

Define R; (t;) = {{a]-} ta; € R? (1)) } We verify that (Rj)jeN

{a;}, define a theory N_;j1OxT_j—A <2A*J'\ {®}> as follows.

1 (0:t-)) [{a-j}] = 0—japt; (6,8-5) [a-j], Va_; € R%; ().

Pick any conditional conjecture ¢_;. Since each R; € R; (t;) is a singleton, i.e. R; = {a;},

then ¢_; . (R;) must be the Dirac measure on 4;. As a result, we have

(1-p0-) _ 23)

o2 = 0_jat;

Thus,
587 (7€) = 58 () = (0 €1,
7=
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where the first equality follows from (23) and the second equality follows from (22).

Therefore, (R]-)]. < 18 an é=SCC and a; can be robustly selected for ¢; by Theorem 5.1

N

5 Discussion

5.1 Robust selection and robust predictions

WY show that every rationalizable action can be WY-selected. Conversely, by the upper
hemicontinuity of the rationalizable correspondence (see (Dekel, Fudenberg, and Morris,
2006, Theorem 2)), every action that is WY-selected must also be rationalizable. That
is, an action is WY-selected if and only if it is rationalizable. Our results show that the
robust selection is strictly stronger than rationalizability and strictly weaker than strict

rationalizability.

Though the robust selection refines rationalizability, some types may still have mul-
tiple actions which can be robustly selected. For example, the complete-information type
in the global game has two strict equilibrium actions, both of which can be robustly se-
lected. Thus, with one perturbation of higher-order beliefs, we can robustly select one
action, and with another perturbation of higher-order beliefs, we can robustly select the

other action.

With a lack of the exact specification of best replies or the precise measurement of
payoffs, the idea of the robust selection is that any actions which cannot be robustly se-
lected are fragile predictions. They are predictions inferior to those actions that can be

robustly selected regarding the two robustness features.

Among those actions that can be robustly selected, which one should we pick? Or
equivalently, what perturbation of higher-order beliefs is the most sensible approximation
of the strategic situation that we are analyzing? The answer to this question is subject to
the judgement of the modeler. For example, if we think that the global game (i.e., Example
1 in Section 1) is a good approximation of the strategic situation that we are facing, we
predict that player i who observes x; = % will choose "Attack," whereas if we regard the

alternative perturbation studied in Morris and Shin (2003) is more sensible, we predict

24



"No Attack." In the case that we do not have a good way to tell one perturbation is more
appealing than the other, we may follow WY to say that a prediction is robust only when
it holds under both of the actions.

5.2 Robust selection, strategic discontinuity, and critical types

The notion of robust selection is closely related to the notions of strategic discontinuity
and critical types studied in Ely and Peski (2011) and Chen and Xiong (2011a). In these
papers, a type t; is said to display strategic discontinuity in a game G if there exist ¢ > 0,
an action g;, and a sequence of types {t;,,} with t;,, — t; such that a; € S° [t;, G,0] and
a; & S [tim, G,¢| for every m. For a set of games G, a type is G-critical iff it displays

strategic discontinuity in some game in G. A type is G-regular iff it is not G-critical.

Consider a type t; who has multiple rationalizable actions. If ¢; admits a robust
selection in game G, t; must display strategic discontinuity in G.'® Indeed, the complete-
information types in Rubinstein (1989) and Carlsson and Van Damme (1993) are promi-
nent examples of strategic discontinuity. In contrast, a type that admits a WY selection in
a game G may not display strategic discontinuity in G, for example, the type t., in Exam-
ple 2 and every type in the set B; ., defined in Section 3. In this sense, the robust selection
generalizes the global-game selection regarding strategic discontinuity, but WY selection

does not.

Let G/ denote the set of all finite action game. Ely and Peski (2011) fully characterize
G/ critical types. For a fixed game G that satisfies the Richness assumption, we fully

characterize finite G-critical types using e—SCC as follows.

Proposition 5 Given a finite model (T, «), a type t; € T; is G-critical iff there exist some e—SCC
(Rf)jeN with € > 0, and some R; € R; (t;) such that S° [t;] \ R; # @.

16Suppose that b; is robustly selected for ¢;. That is, there exist ¢ > 0 and a sequence of types {#; ,,} such
that t;,, — t; and S° [t; ,,, G, €] = {b;} for every m. Since S° [t;, G, 0] contains at least two actions, there is

some a; € S5 [t;, G,0] and a; & S° [t; , G, €] for every m. That is, t; displays strategic discontinuity in G.
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5.3 Robust selection and common—p belief

Let C? (-) be the common—p belief operator defined in Ely and Peski (2011). That is, for
any measurable set E C X;cnT;", CP (E) occurs iff E occurs; every player assigns at least
probability p that E occurs; every player assigns at least probability p that every player

assigns at least probability p that E occurs, and so on ad infinitum.

Recall that G/ is the set of all finite action games. Ely and Peski (2011) prove that a
type is G/-critical types iff it has common—p belief on a closed proper subset of x ey T
The following proposition shows that the set of finite G-critical types is a fixed point of

the common—p belief operator.

Proposition 6 Foranyi € N, let Tlf “(C T¥) denote the set of all finite G-critical types. Then,
T/* = Up~oCP (T/*), where T/ = xieNTif’C.

Therefore, Proposition 5 and 6 build a connection between the common—p belief

and ¢—SCC, hence also the robust selection.

5.4 Ex ante selection versus interim selection

Both the WY selection and the robust selection are interim notions. Namely, an action is
selected for a given type according to the interim (higher-order) beliefs of the type. An
alternative approach is to study selections from an ex ante viewpoint. In this case, a type
is replaced by a type space, which is usually associated with a common prior. Jackson,
Rodriguez-Barraquer, and Tan (2011) independently show that for any ex ante Bayesian
Nash equilibrium and any sequence of (ex ante) perturbations of the game, there is a
corresponding sequence of ex ante e—equilibria converging to that equilibrium.!” The
authors conclude from the result that no refinement of equilibrium is robust to slight

perturbations to best replies or underlying preferences.

Clearly, both Jackson, Rodriguez-Barraquer, and Tan (2011) and this paper employ

solution concepts based on e—best replies to approximate solution concepts that are based

17 Aside from this result, Jackson, Rodriguez-Barraquer, and Tan (2011) also show that under a weaker

notion of perturbation, the approximating equilibria can be made e—interim equiliria.
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on 0—best replies. However, Jackson, Rodriguez-Barraquer, and Tan (2011) study ex ante
equilibrium, while we study interim rationalizability. Because of the difference, Jackson,
Rodriguez-Barraquer, and Tan (2011) can approximate any equilibrium with e—equilibria
along any sequence, while we only obtain a generic set of types for which approximation
with e—rationalizable actions along arbitrary sequence is available. Technically, the dif-
ference between the two papers is that we require all types play interim e—best replies,
while in Jackson, Rodriguez-Barraquer, and Tan (2011), a set of types may play actions
different from interim e—best replies. As long as the set has a small probability, players

are playing ex ante e—best replies.

The ex ante approach is also adopted by Kajii and Morris (1997). They define the
robust equilibrium as a Nash equilibrium in a complete-information game such that it is
played with a sufficiently high probability in some Bayesian Nash equilibrium on any
common priors which are sufficiently close to the complete-information scenario.'® The

solution concept in Kajii and Morris (1997) is based on 0—Dbest replies.

6 Conclusion

We propose the notion of the robust selection that not only strictly refines rationalizability,
but also shares the two robustness features with the global-game selection. We show that
the robust selection is generically impossible among types with multiple rationalizable
actions, because multiplicity is generically due to a payoff tie, as in a single-person deci-
sion problem. Furthermore, we provide a full characterization of the robust selection. The
characterization also sheds light on the strategic impact of higher-order beliefs, as studied
in the recent papers by Dekel, Fudenberg, and Morris (2006), Ely and Peski (2011), and
Chen, Di Tillio, Faingold, and Xiong (2010, 2011).

8This approach has been extended by Oyama and Tercieux (2010) to allow for non-common prior per-

turbations.
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A Appendix

A.1 Proofs of Lemmal, 2 and 3

The proofs of Lemmas 1 and 3 need the following result.

Lemma 4 Forany i, ift;,, — t; then

lim inf i, (G) > i (G) foranyopenset G C © x T*}; (24)
lim sup «; (F) < «;. (F) for any closed set F C © x T~ . (25)
m—oo

Proof. Recall thatx;, = x; (t;) and « is the homeomorphism between T;" and A (0 xT*,),
where T} is endowed with the product topology and A (® x T*.) is endowed with the
weak™-topology. Since t;,, — t;, we have x; ~— | in weak" topology. Then, (24) and
(25) follow from the definition of weak*-topoiogy (see (Dudley, 2002, 11.1.1. Theorem)).l

A.1.1 Proof of Lemmal

Lemma 1. B; ,, is open in M;.

Proof. Recall

- % 1

By WY’s Proposition 2, T*,\M_; is open. Suppose B;, is not open in M;. That is, there
is some t; € B;, and some sequence {t;,} with t;,, — t; such that t;,, € M, and
K;kim [@ X (Tii\M_i)] <1- % for all m. Hence,

lim inf x |©x (TZ\M_;)] <1- <K (O x (T*,\M_;)]. (26)

where the last inequality follows because t; € B; ,,. Then, (26) contradicts to (24) in Lemma
4.1
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A.1.2 Proof of Lemma 2

Lemma 2. B; ., is dense in M;.

Proof. Recall that T;" is a compact metric space and d; is the metric on T;". We now divide

the proof into three steps.

Step 1 For any finite type t; € M; and
T_j={toi €T« ({(6,t_i)}) >0 forsomed c O},

there is some conjecture o_; : @ x T_; — A (A_;) which is valid for t; and BR,; (mi,g_l.) has

more than one action.

T_; is a finite set because t; is a finite type. Define

X = Igs yeoxt A (5= [t-i])
P, = {O',iG Y {a,-} = BR; (ntilgii) } ,Va; € A;.

1

Y._; is the set of all valid conjectures of t;. Observe that X is convex, and hence also a
connected set in the Euclidean space RI©*T-il (recall T_; is a finite set). P, is the set of

valid conjectures of t; to which a; is the unique best reply.

Since t; € M;, there are at least two distinct actions a; and 4} in S{°[t;]. Thus,
there are ¢’ ,0”. € ¥_; such that a/ € BR; (ntiﬂ/_) and a/ € BR,; (ntiﬂ/_/,). Step 1

1

holds if either BR; (ntiﬂ’, ) or BR; (ﬂt,-,a’j ) has more than one action. Now suppose that
BR; (7,00 )| = [BRi (1,00, )| = 1.

Note that for every a; € A;, Py, is an (Euclidean-)open set in ¥ and Py, N P, = & if
a; # bj. Moreover, P, # @ and P,» # @ because ¢’ ; € P, and ¢’; € P,y Since X is

connected, we have Ug,c 4, Py, ; %." Thus, there is some o_;€ £_; such thato_; ¢ P, for

all a; € A;. Since BR; (71,0 ;) # @, BR; (711,¢_,) has more than one action. Furthermore,
o_;is valid because o_; (6,t_;) € A (S%; [t_;]) forevery (0,t_;) € © x T_;.

Step 2 For any finite type t; € M,;, there is a sequence of finite types {t; ,, } such that t; ,, — t;
and t; ,, € B; « for all m.

9% is connected, but Ug,e A, Pa; is not connected. Thus, Uy, c4,Pa; # Z.
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Since t; is a finite type, the set T_; defined below is a finite set.
T_j={t_i €T :«; ({(6,t_;)}) > 0forsomef € O} .

By step 1, there is some valid conjecture 0_; : © x T_; — A(A_;) for t; such that

BR; (7t,»_;) has at least two actions, i.e., |BR; (7y,0_,)| > 1. Define

7 = min {d,i (t,i,S,i) tt,s;e€T_jand t_; # S,i} .
Thus, 7 > 0 because T_; is a finite set.

Fix any m > 1. By Proposition 1 in Weinstein and Yildiz (2007), foreach t_; € T_;
and each a_; € S%; [t_;], there is some type t_i(t_j,a_;) € T*. such that

$% [ti(a_yt)] ={a;} and (27)

d_; (t—ir?—i (t_i,a_i)) < min {17, 1/m} . (28)

Consider ;. € A (© x T*,) defined as follows.

KL, [(6,Fi (t_j,a_i))] =« [(6,t-)] x o (6,t_;)[a_], V0 € ©,Vt_j € T_;Va_; € S%[t_i].
(29)

Since o_; is valid, we have o_; (6,t_;) € A (S%; [t_;]) for every (6,t_;) € ® x T_;. Conse-

quently, k. is well-defined in (29). Then, x; € A (© x T;) uniquely determines a finite

type t; m in T because T} is homeomorphic to A (© x T*,). Clearly, x; (T*\M_;) =1

by (27). Then, because (28) holds for all t_; € T_;, K;kl,,m — KZ, and hénce tim — t;as

m — ©oQ.

We now show that t; ,, has multiple rationalizable actions. By our construction and

(27), any valid conjecture o_; ,, : © x T*, — A (A_;) for t; , must satisfy
O—im (9,?_1' (t_i,a_l-)) [a_l-] =1. (30)

As a result, 71y, = 7,0 ;- Therefore,

BR; (7t )| = |BR;i (m1,0,)| > 1. To see

7 —im im/7 —im

Tt = 74,0, Observe first that

im/7 —im

nti,ng—i,m [(9,0_,')] = Tlt,0_; [(9,&2_1-)] =0, va—i ¢ Ut,,«ET,iSO_Oi [t—i] .

Second, forany § € ®,anya_; € U;_c7_,S%; [t_;], we have
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T i [(0,0-1)] (31)
= )3 i [0 (tiyai))] X o im (0,8 (ti,a4)) [a_i]

{t_iET_iia_ieso,Oi [t—i} }
_ Y kr, [0 (tia )]

{t_iET_iZu_iESO_oi [t—i} }

— Y Ky [(0,t3)] <o (0,t;) [a_]

{t,iET,,':a,iESioi[t,i}}
= 7o [(0,a-9)],
where the first equality follows from the definition of 71, -, .; the second equality fol-

lows from (30); the third equality follows from (29); the last equality follows from the

definition of 714, ;..

To sum up, we find a sequence of finite types {t; ,, } such thatt; ,, — t;and t; ,, € M;,
K (T*,\M_;) =1forallm,ie.,t;, € Bjq for all m.

Step 3 B, is dense in M;.

Take any t; € M; and any € > 0. First, by Lemma 3 in Chen (2011), there is some
finite type t/ € T/ such that S [t;] = S° [t/] and d; (£, 1) < &/2. Then, for any ¢ > 0, by

step 2, there is some t!' € B; , such that d; (¢, /') < €/2. Hence, d; (t;,t!) < . Therefore,

1771
B; « is dense in M;. 1

A.1.3 Proof of Lemma 3

Lemma 3. Bi,oo C Mi\M;-’S.

Proof. Pick any t; € B; ., and we will show t; € M;\M*. Since B; ., C M, by the definition
of B; «, it remains to prove t; ¢ M!®. To see this, fix any & > 0, any sequence of types {t; , }
with t; ,, — t; and any a; € S° [t;]. We will prove that a; € S° [t; ,,, €] for all sufficiently
large m. This implies t; ¢ M* .
Fora_; € A_;, define
ua_;-i = {t_l' € Tii : So_oi [t—i] = {a_i}} .
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Moreover, for every 6 € @, {0} x U’ is open by Proposition 2 of WY. Observe that
{©&x M_;} U {{6} x ua:ii}ee@,a,ieA,i is a partition of ® x T*,. The proof of Lemma 3

will use the following claim. The proof of Claim 1 will be presented later.

Claim 1
Jim. K, (O x M| =« [© x M;] = 0. (32)
Jim o, [{0} < UZ] =, [{0} < U] (33)

Recall that a; € S [t;] implies that there is some o_; : @ x T*. — A (A_;) such that
suppo_; (9, t_i) C S(:oi [t_i] ,V (9, t_l'),' (34)

/G)m Y, [wi6aa ) —ui(0,a,a )] o (6,t)a]xi[(6,t0)] =0 (35)

—-ia_j€EA_;

Sincet; € B; ., wehavek; [® x M;] = 0. Furthermore, (34) implies thato; (6,¢ ;) [a_;] =
1 for every t_; € U’} Recall {® x M_;} U {{6} x Ua_’ii}()e@a;eA _is a partition of
© x T*,. We thus have
/ Y [ @ana) —u (6,a,a_)] i (6,t_) [a_i]x [(6,)]
GXT:' a_eA_;

= ( )Z (i (0,a;,a_;) —u; (0,a;,a_;)] KE ({6} x Ua_‘l.i] . (36)
G,Q,i GG‘)XA,I‘

Let ¥ = max; ;¢ |u; (6,a)|. The incentive constraints for t; ,, under o_; is
/ 2 [ui (9, aj;, {1,1') — U; (9, LZ;, LZ,Z')} o_; (9, t,l') [ﬂ,i] sz [(9, t,i)]
®XTji a_,eA_; '

> Y. [u; (0,a;,a_;) —u; (6,a},a_;)] K., [{6} x U*'] — 2%y, [© x M;].
(G,Q,i)e@XA,i

Since ;. [@ x M;] — 0asm — oo by (32) in Claim 1, it follows that

rrlzim Z [uz- (9, a,-,a_i) — U; (9, El;,(l_i)] o_; (9, t_i) [61_1‘] sz [(9, t_i)]
TRJOXTY A '
> ”111_{%0 Y. (1 (6, a;,a_;) —u; (0,a;,a_;)] Kf ({6} x U™]
(e,a,i)EG)XA,[
= Y. [u; (0,a;,a_;) —u; (6,af,a_;)] xf [{6} x U] >0 (37)
(9,11_,‘)E®><A_,'

where the equality follows from (33) in Claim 1 and the last inequality follows from (35)
and (36). By (37), for sufficiently large m, a; € BR; (71,0 ;,€). By (34), 0_; is valid and

hence e—valid for t; ,,. Therefore, a; € S3° [t; ,,, €] for sufficiently large m.H
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Proof of Claim 1 First, we prove (32). By the definition of B; o, t; € B; o, implies

K [© x Mj] = 0. (38)

By Proposition 2 in WY, @ x M; is closed in @ x T*.. Hence,

0 <lim inf x; [® x M;] <lim sup x} [@x M;] <« [®@x M;]=0
M—oo ‘lim im i

m—0o0

where the last inequality follows from (25) in Lemma 4. Hence, (32) holds.
Second, we prove (33). Since {8} x U7 is openin ® x T*;, by (24) in Lemma 4,

lim inf 3 [{6} x UL/] >« [{6} x UZ/]. (39)

m—00

Moreover, (© x M;)U ({8} x U"') is closed, because {6’} x U" ' is open forany (¢',4" ;) €
® x A_;and

©@xmyu(erx )= @xT)\ | U (o) xuly)
(9’,&1’714)7&(9,51,14)

Then,

lim sup «j, [{6} x U] < lim sup KL, [(®x M) U ({6} x U]

m—0o0 m—0o0

< «f [(©x My)U ({6} x U%)]
i, [0 x Mi] + i [{0} x U]
< [{0} x u'y], 40

where the second inequality follows from (25) in Lemma 4 and the fact that (® x M;) U
({6} x U"7") is closed; the last equality follows from (38). Finally, (39) and (40) imply
(33).1

A.2 Proof of Proposition 3

Proposition 3. Given a finite model (T,x) and ¢ > 0, if (Rj)].EN is an e—=SCC in (T,«x) and
R; € R;(t;) for some t; € T;, then there exist v > 0 and a sequence of types {t; ,,} such that
tim — tiand S° [t; ,u, v] C R; for every m.
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Proof. Suppose that (R]-)]. cy is an e=SCC in (T,«). First, by the Richness assumption

0,.
and the finiteness of the action sets, there is some 7y € (0, ¢) such that S}’O [t]. 7 ,),} = {a]' }
Proposition 3 is implied by Claim 2 below.

Claim 2 For any player j, any m > 0,any t; € T;, and R; € R (t;), there is a finite type?j cT;
satisfying (A) S}” [tvj, 7] CRj; (B) ?] and t; have the same belief up to order m.

Proof of Claim 2. We prove the claim by induction. The claim for m = 0 holds by picking

~ 0
some a; € Rjand t; =t j ’. We now assume the claim is true for m and prove the case for
m + 1. Since R; € R; (tj), there exists a theory n_ which maps each (9, t,]-) ceO®xT_;to
some probability distribution over R_; (t_;) such that

R]- D BR;? (nt-a((P‘f'”‘j)) , Vconditional conjecture P_j
i

]

Since t; is a finite type, suppt; is a finite set. By the induction hypothesis, for each t ; =
<tj/>j’7éj €suppt; and each Ry € R (t]-/>, there is some finite type f; (tj/,Rj/> € T]-*,‘ such

that 7, (£, Ry) =t} forall I < mand S B (4, Ry ), 7| C Ry. LetTj(t ;R ;) =
(?j’ (tj’er’>>].,#]. and

Consider i € A <® X Tj]-> such that for any (G,t_j) €0 x Ti].,

M-y (0t) [Rej) we [(6,6)], ity = (¢ Ry);

(41)
0, otherwise.

plOt)] =

Since T]* is homeomorphic to A (@ x T* ].), there is some?j such that k7 = ji. We show
]

that?]- is the desired type.

Since every f j (t, jr R_ ]-) is a finite type, ?] is a finite type. Moreover, since E}, <t]~/, R]-/> =
! 1 4l : . oo
t]., forall I < m, t]. = t]- for all I < m + 1. Finally, we verify that Sj ft;-, ﬂ C R;.

Let a; € S;-"’ [t},’y]. Then, aj € BR; (”?j,o’_j"7> for some conjecture cr’_]. ;O X Tj]. —
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A (A,j) which is y—valid for ?] For each (6, t,]-) €O®xT_jandR_j € R_;(t_;), define
¢ (6.t R j) € A(A) by

¢_; (0t R ;) =0" (6,8 (tj;R ),V (6,t;(tj,R ) €OXT ;.  (42)
Observe that ¢ jis indeed a conditional conjecture since

suppg_; (0, ¢, R—j) = suppo’; (6, (£, Rj)) € 8% [£ (£, R ), 7] C R

where the first inclusion is because ¢’ jisa y—valid conjecture and the second inclusion

follows from the induction hypothesis.

We then obtain

T (go,j,ﬂ,j) [(9,[1_])}

= t;y ! | RZ( }) ¢_; (0,t_j,R_;) [a_;]n_; (6,¢_;) [Rﬂ] ky [(0,6-7)]

= X 9Ot Ry o) e (08 (bR )]
Ej(tjR)eT,

= Y, o0t R ) [aj]x; [(6,F (t—j,R))]

~ ]
) @)
where the second equality follows from (41) and the third equality follows from (42).

Since a; € BR; (”T]-,cf’_j’ry>’ it follows from (43) that a; € BR; <7rt ((P]ﬂj),e). Since

2

Y <ega;c BR]Q (7‘[1L ((pjﬁj),E) and thus aj € R]'..

2
A.3 Proof of Proposition 4

Proposition 4. Given a finite model (T,x) and e > 0, for every j € N and every t; € T;, define

R]T (t) = {R]- C Aj: Jasequence of types {tj,,} s.t. tj,, — t;and Sh [tim €] = R;, Vm} .

Then, <RT> ~isan e—SCC.
] JEN
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Proof. Lett; € T;. Since t; is in a finite type space, suppt; is a finite set. Consider
R;j € R} (tj). We will show that

3 a theory n_ st. R; D BR}’ (71 ),s) , Vconditional conjecture P_j- (%)

(o
tj,O'ij

Since R; € R (t;), there is a sequence of types {t;, } with t;,, — t;suchthat S [t ¢] =
R; for all m. Let Ay, = dj (tjm, t;). Note that A, — 0 since t;,, — t;. We prove () in three
steps.

Step 1. There is some B > 0 such that

1) {(6,t-) }ﬁ N {(9', t’_].> }ﬁ = for any (6,t_;) and <9/, t/_]') in suppx; ;

(2) foreach (9, (tj/>j'7éj) €suppki, 557 [t},,s} € Ry (t]-/>forallj’ # jand for all (9’, t’_j> €

{(0,t)}".

We can find B > 0 such that (1) holds because suppK;‘j is a finite set. To see (2),
suppose to the contrary that for every m, there is some (9’ e j m) = (9, (t]-/,m> , 7&.) €
' I'#i

{(6,t-) }1/"1 such that S [t;,,m,s} ¢ Ry (t]-/>. Since the number of players and the
number of actions are both finite, there is some j’ and some Ry C A; and a subsequence

of {tL i }, say itself, such that S}’? [t;,,m, 8] = Ry for all m. However, since t;.,,m — tj, this

implies S}’f’ [t;,,m,s} € R]:C (tj/), which is a contradiction to S;-’," [t},,m,e] ¢ Ry (t]-/>.
Step 2. Defining the theory 1 _;.

Consider (6,t_;) EsuppK;"j. Then, since tj,, — t, Kfj’m [{ (G,t_j)}Am} > 0 for suffi-

ciently large m. Hereafter, we consider m large enough such that

min {B,1} > Ay
<, [{6))"] > 0, (44)

where f is as specified in step 1 and hence (1) and (2) in step 1 hold.
By (2) in step 1,
%} 7 Am
% [Fyel € Ry (Fy) ¥ (01) € {(0,t) 1™ (45)
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Define a distribution 7_; ,, (6, tj) € A(R_; (t,j)) as follows. Foreach R_j € R_; (t_j),
denote
R_: * )
T_]-] = {(6/, t/_]) € @ X T_] . S_] |:t/_],€i| = R_]} .
For each (9,t,]-) €O®xT_jandR_; € R_; (t,j),
* Am R_j
ki, [{(64-) Y T
% Am
< [ {01
Observe that77_;,, € A(R_;(t;)) is well defined by (44). For any (6,t_;) € © x T,
since R _ (t,]-) is a finite family, n_; ,, (6, t,]-) has a convergent subsequence in A (R,]- (t,]-) ),

Njom (0,85) [R-j] (46)

say itself, converging to some 7_; (0,t—;) € A(R_;(t—j)). Thatis, for each (6,t_;) €
O x T_]' and R_]' € R_] (t_]'),
/. (Q,f_]') [R_]‘] = lim M_im (9, t_]') [R_]'} . (47)

m—o00

Step 3.4; € R;if a; € BR; (ﬂtl 0(4)_],,,7_],),8) for some conditional conjecture P_j
i

Since a; € BR; <7‘[ )’ s> for some conditional conjecture ¢_; and the game
t

o9

is finite, aj € BR; <7tt ((ij),g’) for some ¢’ < e. We prove that aj € S;-"’ [tj,m,s} = R;
7=

for sufficiently large m. Let o’ ;POXT_j—A (A_;) be a fixed measurable selection from

S°_°]. [-, €] (see footnote 9). We define O jm O X Tij — A (A—i) as follows.
_ Am ~ R,
(00 ) =4 (6,85, R-y), i (612) € {(0,0-)} " N T
Js =] o ; (9/, t ],> , otherwise.

By the definitions of lej_j and ¢’

s O—jm 18 ¢—valid for t; ,,. We will conclude step 3 by

showing that
n%l—rgo ﬂtf,mrg—]}m [(9,61_]')} = nt U(rp,]-,ﬂ,j) [(9’{1—]')} ,V (G’Q—j) € O x A_j (48)
=i

where the limit is taken in the Euclidean space because ® x A_; is finite. Since a; €

]

BR; <7Tt- a(q’f’”')'E/) and ¢ < ¢, (48) implies that aj € BR; (nt].,m,g_j,m,s> for sufficiently
72
large m. Since 0_;,, is e—valid for t;,,, a; € S° [tjm, €] = R;.

37



It remains to prove (48). To save the notation, for each 0, let

T, = {t_j 2 (0,t-)) € SuppK?}}.

First, observe that for each (O,a_j) EOXA

- v Y e (05) [l w [(00)]| @)
! /({Q}XT*].)\( ])Am T=jm <9' t/‘f> [ %5, [(9 dt/—J')] '
Second, since t; ,, — t;, K?j,m [({9} X Ti].> \ (supp;(?j)/\’”] — 0 and hence

7%1_120 <{9}><T*j)\<suppff?j))\m 7=im (0, t/_j) [a_j} K?f"” [(9,6115/_]-)} =0. (50)

Third, for each t_; € Tﬂj,

L 7 (00 t7) o] i (01 (51)
{te(or)e{(00-)}™" ) ]( ]) ] [( f)]

=T e @ e, [T ]]

RjER(t-7)

=% e R) ), @) [R)] s, [(6 )]

RjeR(t-;)

where the second equality follows from (46). Finally, since supprj is finite and ¢, — t;,

we also know that lim;; e K;‘jm [{ (6,t_)) }Am} = KZ‘], [(6,t—;)]. Hence, by (47) and (51),
for each t_; such that (6, t_;) €suppk;,

lim Y i (0,42) [a i i, [(0.)] (52)
(v o el g1y |
= X e @R [ag)n (0) [R]] i [(6.6)].

RjeR (k)
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Hence, by (51) and (52),

lim Y y cim (085) [, [(06)]] 63
t €T, {tgj:<9,tgj)e{(e,t,j)}Am}

iy Y e Ot Ry [l (00) [R)] i [(0)]

t,jEng R,jGR,j(f,]’)

=) [(6,a-j)] .

Therefore, (48) follows from (49), (50), and (53).1

A.4 Proof of Proposition 5

Proposition 5. Given a finite model (T, «), a type t; € T; is G-critical iff there exist some e—SCC
(Rj)].eN with e > 0, and some R; € R; (t;) such that S° [t;] \ R; # &.

Proof. If there is some e—SCC (Rj)]. N
a; € S [t;] and a; ¢ R;, then by Proposition 3, there exist ¥ > 0 and a sequence of types

and some R; € R;(t;) such that some action

{tim} suchthatt;, — t;and S°[t; ,, 7] C R; for every m. Since S° [t; ,,, 7] C R; for every
m, it follows that a; € S3° [t;] and a; & S{° [t; ,,, ] for every m. That is, t; is G-critical.

Conversely, if t; is G-critical, there exist ¢ > 0, an action a;, and a sequence of types
{tim} with t; ,, — t; such thata; € S° [t;] and a; ¢ S?° [t; »,, €] for every m. By finiteness of
actions, there exist some R; C A; and some subsequence of {t;, } such thatt;,, — t;and
S [tim,, €] = R; for all k. Hence, by Proposition 4, R; € R] (t;) for the e~SCC (R]T)

and moreover, 4; € 5° [t;] and a; ¢ R;.l

jeN'

A.5 Proof of Proposition 6

Proposition 6. Forany i € N, let Tif g (C T;) denote the set of all finite G-critical types. Then,
T/ % = UpoCP (T/), where T/ = xieNTif’C.

Proof. By the definition of Cip () in (Ely and Peski, 2011, Section 4.2), Cip (Tf 'C) C T/< for
all p > 0. Conversely, suppose that t; ¢ CI (T/*) for all p > 0. Then, by the definition
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of CP(-), forany p > 0, t; ¢ B/ ([B]k (Tf'c)> for some k. Let (T, «) be the finite model
which contains #;. Since T is a finite set, there is some 7 > 0 such that for any ¢; € T,
ki, ({t-j}) > Oimplies that x;, ({£_;}) > 7. Fix p < 7. It suffices to show that

for any non-negative integer k, t; & Bf ([B]k (Tf C)) implies t; ¢ Tlf <. (¥

Foranyi € N, let Tlf " (C Tr) denote the set of all finite G-regular types. Note that
T/* and Tlf " are disjoint and they partition the set of all finite type, i.e., for any finite types

1
t;,
| i [0x 7] +xt [0x /2] =1.

By the results in Ely and Peski (2011) and Chen and Xiong (2011a), we know that

for any j € N, if type Kfj [@ X T{’].r] =1, thent; € T]f’r, ie,t; ¢ T]fC (A)

We now prove (#) by induction. For k = 0, suppose t; ¢ Bf (T/<), t; € Tif “ and
we derive a contradiction. By the definition of v and p < 7, we have «, [@ X T{ f} =0,

or equaivalently, x} |® X T{ Tl = 1. Hence, t; ¢ b (A), which contradicts to our
q Y t; i i y

assumption t; € Tif “.

Assume (4) is true for k and we prove the case of k+ 1. Suppose t; ¢ B! ([B]’(Jr1 (Tf*) ) :
. . k .o * k
There are two cases to consider: i) t; ¢ BY ([B] (Tf"’)>; i) xf [@ x BY, ([B] (Tfﬂ)ﬂ <
p. In case i), by induction hypothesis, we have t; ¢ Tlf . In case ii), by the definition of
v and p < 7, we have &}, [@ x B, <[B]k (Tfm)ﬂ = 0. Note that the induction hypoth-

esis implies T/ © C BY, ([B]k (Tf C)) We thus have «; [@ < T/ fl } = 0, or equaivalently,
K [@ x T{ﬂ — 1. Hence, t; ¢ T/“ by (a).H
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