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Abstract
We consider a general social choice environment that has multiple agents, a finite
set of alternatives, and independent and dispersed information. We prove that for
any Bayesian incentive compatible mechanism, there exists an equivalent deterministic
mechanism that i) is Bayesian incentive compatible; ii) delivers the same interim
expected allocation probabilities/utilities for all agents; and iii) delivers the same ex
ante expected social surplus. This result holds in settings with a rich class of utility
functions, multi-dimensional types, interdependent valuations, and non-transferable
utilities. To prove our result, we develop a new methodology of “mutual purification”,
and establish its link with the mechanism design literature.
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1

Introduction

Myerson (1981) provides the framework that has become the paradigm for the study of
optimal auction design. Under a “regularity” condition, the optimal auction allocates the
object to the bidder with the highest “virtual value”, provided that this virtual value is above
the seller’s opportunity cost. In other words, the optimal auction in Myerson’s setting is
deterministic.1
A natural conjecture is that the optimality of deterministic mechanisms generalizes
beyond Myerson’s setting. McAfee and McMillan (1988, Section 4) claim that under a
general regularity condition on consumers’ demand, stochastic delivery was not optimal for a
multi-product monopolist. However, this result has been proven to be incorrect with a single
agent. Several papers have shown that a multi-product monopolist may find it beneficial
to include lotteries as part of the selling mechanism; see for example, Thanassoulis (2004),
Manelli and Vincent (2006, 2007), Pycia (2006), Pavlov (2011), and more recently, Hart and
Reny (2015), and Rochet and Thanassoulis (2015).2 In this paper, we restore the optimality
of deterministic mechanisms in remarkably general environments with multiple agents.
We consider a general social choice environment that has multiple agents, a finite set of
alternatives, and independent and dispersed information.3 We show that for any Bayesian
incentive compatible mechanism, there exists an equivalent deterministic mechanism that i) is
Bayesian incentive compatible; ii) delivers the same interim expected allocation probabilities
and the same interim expected utilities for all agents; and iii) delivers the same ex ante
expected social surplus. In addition to the standard social choice environments with linear
utilities and one-dimensional, private types, our result holds in settings with a rich class of
utility functions, multi-dimensional types, interdependent valuations, and non-transferable
utilities.
Our result implies that any mechanism, including the optimal mechanisms (whether in
terms of revenue or efficiency), can be implemented using a deterministic mechanism and
1

Also see Riley and Zeckhauser (1983) who consider a one-good monopolist selling to a population of

consumers with unit demand and show that lotteries do not help the one-good monopolist.
2

In environments in which different types are associated with different risk attitudes, it is known that

stochastic mechanisms may perform better; see for example, Laffont and Martimort (2002, p. 67) and Strausz
(2006).
3

Throughout this paper, we say that an agent has “dispersed information” if her type distribution is

atomless.
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nothing can be gained from designing more intricate mechanisms with possibly more complex
randomization. As pointed out in Hart and Reny (2015, p. 912), Aumann commented that it
is surprising that randomization can not increase revenue when there is only one good. Indeed,
aforementioned papers in the screening literature establish that randomization helps when
there are multiple goods. Nevertheless, we show that in general social choice environment
with multiple agents, the revenue maximizing mechanism can always be deterministically
implemented. This is in sharp contrast with the results in the screening literature.
Our result also has important implications beyond the revenue contrast. The mechanism
design literature essentially builds on the assumption that a mechanism designer can credibly
commit to any outcome of a mechanism. This requirement implies that any outcome of the
mechanism must be verifiable before it can be employed. In this vein, a stochastic mechanism
demands not only that a randomization device be available to the mechanism designer, but
also that the outcome of the randomization device be objectively verified. As noted in Laffont
and Martimort (2002, p. 67), “Ensuring this verifiability is a more difficult problem than
ensuring that a deterministic mechanism is enforced, because any deviation away from a
given randomization can only be statistically detected once sufficiently many realizations of
the contracts have been observed. ... The enforcement of such stochastic mechanisms is thus
particularly problematic. This has led scholars to give up those random mechanisms or, at
least, to focus on economic settings where they are not optimal.”4 Our result implies that
every mechanism can in fact be deterministically implemented, and thereby irons out the
conceptual difficulties associated with stochastic mechanisms.
This paper joins the strand of literature that studies mechanism equivalence. Though
motivations vary, these results show that it is without loss of generality to consider the various
subclasses of mechanisms. As in the case of dominant-strategy mechanisms (see Manelli and
Vincent (2010) and Gershkov, Goeree, Kushnir, Moldovanu, and Shi (2013)) and symmetric
auctions (see Deb and Pai (2015)), our findings imply that the requirement of deterministic
4

Also see Bester and Strausz (2001) and Strausz (2003).
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mechanisms is not restrictive in itself.5 In this sense, our result provides a foundation for
the use of deterministic allocations in mechanism design settings such as auctions, bilateral
trades, and so on.
In order to prove the existence of an equivalent deterministic mechanism, we develop
a new methodology of “mutual purification”, and establish its link with the literature of
mechanism design.6 The notion of mutual purification is both conceptually and technically
different from the usual purification principle in the literature related to Bayesian games. We
shall clarify these two different notions of purification in the next three paragraphs.
It follows from the general purification principle in Dvoretzky, Wald, and Wolfowitz
(1950) that any behavioral-strategy Nash equilibrium in a finite-action Bayesian game with
independent and dispersed information corresponds to some pure-strategy Bayesian Nash
equilibrium with the same payoff.7 In particular, independent and dispersed information
allows the agents to replace their behavioral strategies by some equivalent pure strategies
one-by-one.8 The point is that under the independent information assumption, any agent
who has dispersed information could purify her own behavioral strategy regardless whether
other agents have dispersed information. Example 2 illustrates this idea of “self purification”.
Given a behavioral-strategy Nash equilibrium in a 2-agent Bayesian game with independent
information, there is an equivalent pure strategy for the agent with dispersed information,
while the other agent with an atom in her type space could not purify her behavioral strategy.
In contrast, the purification result of this paper is based on the dispersed information
associated with the other agents. Example 3 partially illustrates this idea of “mutual
5

Manelli and Vincent (2010) show that for any Bayesian incentive compatible auction, there exists an

equivalent dominant-strategy incentive compatible auction that yields the same interim expected utilities for
all agents. Gershkov, Goeree, Kushnir, Moldovanu, and Shi (2013) extend this equivalence result to social
choice environments with linear utilities and independent, one-dimensional, private types; also see Footnote
12 for related discussion. Deb and Pai (2015) show that restricting the seller to a using symmetric auction
imposes virtually no restriction on her ability to achieve discriminatory outcomes.
6

Some of our technical results extend the corresponding mathematical results in Arkin and Levin (1972);

see the Supplementary Material for more detailed discussion.
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See Radner and Rosenthal (1982), Milgrom and Weber (1985) and Khan, Rath, and Sun (2006).

Furthermore, by applying the purification idea to a sequence of Bayesian games, Harsanyi (1973) provided
an interpretation of mixed-strategy equilibrium in complete information games; see Govindan, Reny, and
Robson (2003) and Morris (2008) for more discussion.
8

See the proof of Theorem 1 in Khan, Rath, and Sun (2006).
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purification”. For a given randomized mechanism in a 2-agent setting with independent
information, the agent with an atom in her type space can achieve the same interim payoff
by some deterministic mechanism, while there does not exist such a deterministic mechanism
for the other agent with dispersed information. In other words, our result becomes possible
because each agent relies on the dispersed information of the other agents rather than her
own. This also explains why a similar result does not hold in the one-agent setting since there
is no dispersed information from other agents for such a single agent to purify the relevant
randomized mechanism. In addition, we emphasize that in the multiple-agent setting, the
notion of “mutual purification” requires not only that each agent obtain the same interim
payoff under some deterministic mechanism, but also that a single deterministic mechanism
deliver the same interim payoffs for all the agents simultaneously.
From a methodological point of view, the general purification principle in Dvoretzky,
Wald, and Wolfowitz (1950) is simply a version of the classical Lyapunov Theorem about
the convex range of an atomless finite-dimensional vector measure. Our purification result
is technically different. First, the problem we consider is infinite-dimensional because we
require the same expected allocation probabilities/ utilities for the equivalent mechanism
at the interim level with a continuum of types. Note that Lyapunov’s Theorem fails in an
infinite-dimensional setting.9 Second, it is clearly impossible to obtain a purified deterministic
mechanism that delivers the same expected allocation probabilities as the original stochastic
mechanism, conditioned on the joint types of all the agents.10 However, our result on mutual
purification shows that such an equivalence becomes possible when the conditioning operation
is imposed on the individual types of every agent simultaneously, although the combination
of the individual types of every agent is the joint types of all the agents. To the best of our
knowledge, this paper is the first to consider the purification of a randomized decision rule
that retains the same expected payoffs conditioned on the individual types of every agent in
an economic model.
Our paper contributes to the Bayesian mechanism design literature in relying on specific
aspects of agents’ private information. These information aspects are often crucial in pinning
down different properties of the optimal mechanism. For instance, agents with independent
9
10

See, for example, Diestel and Uhl (1977, p. 261).
Since the joint types of all the agents carry the full information, the expected allocation probability of a

stochastic mechanism conditioned on the joint types is simply the stochastic mechanism itself.
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types retain information rents (see Myerson (1981)), whereas the mechanism designer can fully
extract the surplus when the agents’ types are correlated (see Crémer and McLean (1988)).
Our result builds on the assumption that the agents’ private information is independent and
dispersed. This assumption facilitates the development of the novel methodology of “mutual
purification”, which lies at the core of our arguments.
The rest of the paper is organized as follows. Section 2 introduces the basics. Section 3
illustrates our equivalence notion and the idea of “mutual purification” through examples.
Section 4 presents the equivalence result. Section 5 discusses the benefit of randomness, an
implementation perspective of our result, and various assumptions of our result. Section 6
concludes. The appendix contains proofs omitted from the main body of the paper.

2

Preliminaries

2.1

Notation

There is a finite set I = {1, 2, . . . , I} of risk neutral agents with I ≥ 2 and a finite set
K = {1, 2, ..., K} of social alternatives. The set of possible types Vi of agent i is a closed
subset of finite dimensional Euclidean space Rl with generic element vi . The set of possible
type profiles is V ≡ V1 × V2 × · · · × VI with generic element v = (v1 , v2 , . . . , vI ). Write v−i for
a type profile of agent i’s opponents; that is, v−i ∈ V−i = Πj6=i Vj . Denote by λ the common
prior distribution on V . For each i ∈ I, λi is the marginal distribution of λ on Vi and is
assumed to be atomless. Throughout this paper, types are assumed to be independent.11 If
(Y, Y) is a measurable space, then ∆Y is the set of all probability measures on (Y, Y). If Y is
a metric space, then we treat it as a measurable space with its Borel σ-algebra.

2.2

Mechanism

The revelation principle applies, and we restrict attention to direct mechanisms characterized
by K + I functions, {q k (v)}k∈K and {ti (v)}i∈I , where v is the profile of reports, q k (v) ≥ 0
is the probability that alternative k is implemented with

P

k∈K

q k (v) = 1, and ti (v) is the

monetary transfer that agent i makes to the mechanism designer. Agent i’s gross utility in
11

Note that we do not make any assumption regarding the correlation of the different coordinates of type

vi for any i ∈ I.
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alternative k is uki (vi , v−i ).
For simplicity of exposition, we denote
Qki (vi ) =

Z
V−i

q k (vi , v−i )λ−i (dv−i )

for the interim expected allocation probability (from agent i’s perspective) that alternative k
is implemented. Also write
Ti (vi ) =

Z
V−i

ti (vi , v−i )λ−i (dv−i )

for the interim expected transfer from agent i to the mechanism designer. Agent i’s interim
expected utility is


Ui (vi ) =



Z

X

V−i



uki (vi , v−i )q k (vi , v−i ) − ti (vi , v−i ) λ−i (dv−i )

1≤k≤K



=



Z

X

V−i



uki (vi , v−i )q k (vi , v−i ) λ−i (dv−i ) − Ti (vi ).

1≤k≤K

A mechanism is Bayesian incentive compatible (BIC) if for each agent i ∈ I and each
type vi ∈ Vi ,
Ui (vi ) ≥ 0, and


Ui (vi ) ≥

Z
V−i


X



uki (vi , v−i )q k (vi0 , v−i ) − ti (vi0 , v−i ) λ−i (dv−i )

1≤k≤K

for any alternative type vi0 ∈ Vi .
A mechanism (q, t) is said to be “deterministic” if for almost all type profiles, the
mechanism implements some alternative k for sure. That is, for λ-almost all v ∈ V, q k (v) = 1
for some 1 ≤ k ≤ K.

2.3

Mechanism equivalence

We shall employ the following notion of mechanism equivalence.
Definition 1. Two mechanisms (q, t) and (q̃, t̃) are equivalent if and only if they deliver the
same interim expected allocation probabilities and the same interim expected utilities for all
agents, and the same ex ante expected social surplus.

7

Remark 1. Our equivalence is stronger than the prevailing mechanism equivalence notion.
For example, Manelli and Vincent (2010) and Gershkov, Goeree, Kushnir, Moldovanu, and
Shi (2013) define two mechanisms to be equivalent if they deliver the same interim expected
utilities for all agents and the same ex ante expected social surplus.12
Remark 2. The equivalent deterministic mechanism also guarantees the same ex post
monetary transfers, and hence the same expected revenue; see Theorem 1.

3

Examples

3.1

An illustration of equivalent deterministic mechanism

In the first example, we illustrate our mechanism equivalence notion in a single-unit auction
environment.13 The example is kept deliberately simple and its only purpose is to illustrate
what we mean by equivalent deterministic mechanism. Our main result is far more general
and the proof is much more complex.
Example 1. There are two bidders, whose valuations are uniformly distributed in [0, 1].
Consider the following mechanism. Types are divided into intervals of equal probability and
types in the same interval are treated equally. If agents’ types belong to the same interval, each
agent receives the object with probability
the agent whose type belongs to

[ 12 , 1]

1
2

and if agents’ types belong to different intervals,

gets the object. In each cell, the first number is the

probability that agent 1 gets the object and the second number is the probability that agent 2
gets the object.

12

[ 12 , 1]

[0, 12 )

[ 21 , 1]

1 1
,
2 2

1, 0

[0, 12 )

0, 1

1 1
,
2 2

Gershkov, Goeree, Kushnir, Moldovanu, and Shi (2013, Section 4.1) show that the BIC-DIC equivalence

breaks down when requiring the same interim expected allocation probability. They also note that “this
notion (of interim expected allocation probabilities) becomes relevant when, for instance, the designer is not
utilitarian or when preferences of agents outside the mechanism play a role”.
13

With slight adjustments, this example applies to the irregular case in Myerson’s setting where the agents’

ironed virtual values are the same in some interval.
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It is immediate that, the following deterministic mechanism is equivalent in terms of
interim expected allocation probabilities. Keeping the transfers unchanged, it is also easy to
see the deterministic mechanism is equivalent in terms of interim expected utilities and ex
ante social welfare.
[ 34 , 1]

[ 42 , 34 )

[ 14 , 24 )

[0, 14 )

[ 34 , 1]

1, 0

0, 1

1, 0

1, 0

[ 24 , 34 )

0, 1

1, 0

1, 0

1, 0

[ 14 , 24 )

0, 1

0, 1

1, 0

0, 1

[0, 41 )

0, 1

0, 1

0, 1

1, 0

In Section 4, we show that for whatever randomized mechanism that the mechanism
designer may choose to use, however complicated, there exists an equivalent mechanism that
is deterministic. In other words, going from mechanisms that are deterministic to randomized
mechanisms in general does not enlarge the set of obtainable outcomes.

3.2

Self purification and mutual purification

In this section, we provide two examples to demonstrate the conceptual difference between
the existing approach of “self purification” and our approach of “mutual purification”.
The first example is motivated by the game of matching pennies, while the second
example is a single unit auction. Both games have two agents, and share the same information
structure as follows.
1. Agent 1’s type is uniformly distributed on (0, 1] with the total probability 1 − λ1 (0),
and has an atom at the point 0 with λ1 (0) > 0.
2. Agent 2’s type is uniformly distributed on [0, 1].
3. Agents’ types are independently distributed.
Example 2 below illustrates the idea of “self purification”. The behavioral strategy
of agent 2 can be purified since the distribution of agent 2’s type is atomless, while the
behavioral strategy of agent 1 cannot be purified since agent 1’s type has an atom.

9

Example 2. Consider an m × m zero-sum generalized “matching pennies” game with
incomplete information, where the positive integer m is sufficiently large such that

1
m

< λ1 (0).

The information structure is described in the beginning of this subsection. The action space
for both agents is A1 = A2 = {a1 , a2 , . . . , am }. The payoff matrix for agent 1 is given below.
Notice that the payoffs of both agents do not depend on the type profile.
Agent 2
a1

a2

a3

···

am

a1

1

−1

0

···

0

a2

0

1

−1

···

0

Agent 1 a3
..
.

0
..
.

0
..
.

1
..
.

···
..
.

0
..
.

−1

0

···

0

1

am

Suppose that both agents adopt the behavioral strategy f1 (v) = f2 (v) =

1
m

P

1≤s≤m δas ,

where δas is the Dirac measure at the point as . It is easy to see that (f1 , f2 ) is a Bayesian
Nash equilibrium and the expected payoffs of both agents are 0.
Claim 1. Agent 2 has a pure strategy f20 such that (f1 , f20 ) is still a behavioral-strategy
equilibrium and provides both agents the same expected payoffs, while agent 1 does not have
such a pure strategy.
Example 3 below shows how a purification for an agent relies on the dispersed information
of the other agent, which partially illustrates the idea of “mutual purification”. In particular,
for some given randomized mechanism in the 2-agent setting with independent information
as specified above, agent 1 who has an atom in her type space can achieve the same interim
expected payoff by some deterministic mechanism,14 while there does not exist such a
deterministic mechanism for agent 2 who has dispersed information.
Example 3. Consider a single unit auction with two agents. The information structure is
described as above. The payoff function of agent i is vi + (1 − vj )m for i, j = 1, 2 and i 6= j,
where m is sufficiently large and  is sufficiently small such that
λ1 (0)
1
>+
.
2
m+1
14

For simplicity, we only consider such an equivalence in terms of interim expected payoffs.
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The allocation rule q is defined as follows. Let q i (v) be the probability that agent i gets
the object, and q 1 (v1 , v2 ) = q 2 (v1 , v2 ) =

1
2

for any (v1 , v2 ). The interim expected payoff of

agent 1 with value v1 is
Z
V2

(v1 + (1 − v2 )m )q 1 (v1 , v2 )λ2 (dv2 ) =

v1
1
+
.
2
2(m + 1)

The interim expected payoff of agent 2 with value v2 is
Z
V1

(v2 + (1 − v1 )m )q 2 (v1 , v2 )λ1 (dv1 ) =

v2 λ1 (0)
1
+
+ (1 − λ1 (0))
.
2
2
2(m + 1)

Claim 2. There exists a deterministic mechanism which gives agent 1 the same interim
expected payoff; but there does not exist such a deterministic mechanism for agent 2.
We hasten to emphasize the key difference between our approach and the purification
method used in the literature. With the classical purification method, each agent uses her
own dispersed information to purify her behavioral strategy, which we call “self purification”.
In contrast, the purification approach we adopt to achieve our main result is to purify the
randomized mechanism via other agents’ dispersed information while keeping each agent’s
interim expected allocation probability and interim expected payoff unchanged simultaneously,
which we call “mutual purification”.

4

Results

This section establishes the main result of this paper. We consider a general environment in
which agents could have nonlinear and interdependent payoffs. In particular, we assume that
all agents have “separable payoffs” in the following sense.
Definition 1. For each i ∈ I, agent i is said to have separable payoff if for any outcome
k ∈ K and type profile v = (v1 , v2 , . . . , vI ) ∈ V , her payoff function can be written as follows:
uki (v1 , . . . , vI ) =

X

k
k
wim
(vi )rim
(v−i ),

1≤m≤M
k
k
where M is a positive integer, and wim
(resp. rim
) is λi -integrable (resp. λ−i -integrable) on

Vi (resp. on V−i ) for 1 ≤ m ≤ M .
That is, the payoff of each agent i is a summation of finite terms, where each term is a
product of two components: the first component only depends on agent i’s own type, while
11

the second component depends on other agents’ types. This setup is sufficiently general to
cover most applications. In particular, it includes the interdependent payoff function as in
Jehiel and Moldovanu (2001), and obviously covers the widely adopted private value payoffs
as a special case.
Theorem 1. Suppose that for each agent i ∈ I, his payoff function is separable. Then for
any mechanism (q, t), there exists a deterministic allocation rule q̃ such that
1. q and q̃ induce the same interim expected allocation probability;
2. (q̃, t) delivers the same interim expected utility with (q, t) for each agent i ∈ I.
Thus, if (q, t) is BIC, then (q̃, t) is also BIC.
Remark 3. We prove a stronger result. First, it is clear from the proof of Theorem 1 that the
equivalent deterministic mechanism (q̃, t) also guarantees the same ex post monetary transfers.
Therefore, our deterministic mechanism equivalence result does not require transferable utility.
Second, the equivalence result is immune against coalitions; that is, when there is sharing
of information between the coalition members (except for the grand coalition).15 The second
point is proved explicitly.

5

Discussions

5.1

Benefit of randomness revisited

Chawla, Malec, and Sivan (2015) consider multi-agent setting and focus on the case where the
agents’ values are independent both across different agents’ types and different coordinates
of an agent’s type. In particular, Chawla, Malec, and Sivan (2015, Theorem13) establish
a constant factor upper bound for the benefit of randomness when the agents’ values are
independent. In the special case of multi-unit multi-item auctions, they show that the revenue
of any Bayesian incentive compatible, individually rational randomized mechanism is at most
33.75 times the revenue of the optimal deterministic mechanism. In this paper, we push this
15

Jackson and Sonnenschein (2007) also consider the issue of coalitional incentive compatibility. They

show that the “linking mechanisms” are immune to manipulations by coalitions.
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result to the extreme and show that the revenue maximizing auction can be deterministically
implemented.16

5.2

An implementation perspective

We have motivated our result broadly, in terms of revenue, social surplus, interim expected
allocation probabilities, interim expected utilities and even ex post payments. Alternatively,
we may take an implementation perspective to formulate our result. Beyond the equivalence
notion discussed throughout the paper, the deterministic allocation rule can also be required to
pick some allocation in the support of the randomized allocation in the stochastic mechanism
for each type profile v. Therefore, when a stochastic mechanism implements some social goal
(i.e., at every type profile v, every realized allocation is consistent with the social goal), our
equivalent deterministic mechanism also has the same property. We shall explain this point
in the following paragraph.
Suppose that q is a random allocation rule. Given the K alternatives, the set of all
nonempty subsets of {1, . . . , K} can have at most 2K − 1 elements {Cj }1≤j≤2K −1 . As a result,
the set of type profiles V can be divided into 2K − 1 disjoint subsets {Dj }1≤j≤2K −1 such that
1. the support of q(v) is Cj for all v ∈ Dj ;
2. λ(∪1≤j≤2K −1 Dj ) = 1.
We define 2K − 1 functions {βj }1≤j≤2K −1 such that βj = 1 + 1Dj for each j; that is,
βj is the summation of 1 and the indicator function of the set Dj . Instead of working with
the function h, we can work with the new function h0 = (h, β1 , . . . , β2K −1 ). Lemma 1 and
Proposition 1 (in the Appendix) still hold, and we can obtain a deterministic mechanism q̃
such that
Z
V

qβj dλ =

Z
V

q̃βj dλ

for each j, and
Z

q dλ =

Z

V

That is,
R
Dj

P

16

R

k∈Cj

Dj

q dλ =

R
Dj

q̃ dλ.

V

q̃ dλ for each j. Since

P

q k (v)λ(dv) = λ(Dj ), which implies that

k∈Cj

R
Dj

q k (v) = 1 for λ-almost all v ∈ Dj ,

P

k∈Cj

q̃ k (v)λ(dv) = λ(Dj ). As a result,

Chawla, Malec, and Sivan (2015, p. 316) remarked that “our bounds on the benefit of randomness are

in some cases quite large and we believe they can be improved”.

13

for λ-almost all v ∈ Dj , q̃ k = 1 for some k ∈ Cj . This proves our claim that the deterministic
allocation rule lies in the support of the random allocation rule.

5.3

Assumptions

This subsection discusses the assumptions behind our equivalence result. The requirement
of multiple agents needs no further explanation. Atomless distribution is an indispensable
requirement for almost all purification results. See Example 3 where we cannot purify the
allocation for agent 2 while keeping her interim expected utility unchanged because agent
1’s type distribution has an atom, let alone the stronger requirement that the deterministic
mechanism requires such purification for all agents simultaneously. While our result requires
independence, it is worth mentioning that we only require independence across agents and we
do not make any assumption regarding the correlation of the different coordinates of type vi
for any agent i ∈ I. Though separable payoff is a restriction, this setup is sufficiently general
to cover most applications; see Section 4 for details.

6

Conclusion

We prove the following mechanism equivalence result: in a general social choice environment
with multiple agents, for any stochastic mechanism, there exists an equivalent deterministic
mechanism. On the one hand, our result implies that it is without loss of generality to
work with stochastic mechanisms, even if the mechanism designer does not have access to a
randomization device, or cannot fully commit to the outcomes induced by a randomization
device. On the other hand, our result implies that the requirement of deterministic mechanisms
is not restrictive in itself. Even if one is constrained to employ only deterministic mechanisms,
there is no loss of revenue or social welfare. Therefore, our result provides a foundation for
the use of deterministic mechanisms in mechanism design settings, such as auctions, bilateral
trades, etc.
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A
A.1

Appendix
Proof of Claims 1 and 2

Proof of Claim 1. It is easy to see that the following pure strategy f20 gives agent 2 the same
expected payoff and (f1 , f20 ) is still a Bayesian Nash equilibrium, where
f20 (v)

=




a

s,



am ,

, s ), 1 ≤ s ≤ m − 1;
v ∈ [ s−1
m m
v ∈ [ m−1
, 1].
m

We next show that there does not exist a pure strategy g1 of agent 1 such that g1
is a component of a Bayesian Nash equilibrium with each agent’s expected payoff being 0.
Suppose that (g1 , g2 ) is a Bayesian Nash equilibrium such that g1 is a pure strategy of agent 1.
Let Ds = {v1 ∈ V1 : g1 (v1 ) = as } for 1 ≤ s ≤ m. Without loss of generality, we assume that
0 ∈ D1 . Let S = arg max1≤s≤m λ1 (Ds ). Since λ1 (Ds ) ≥ λ1 (D1 ) ≥ λ1 (0) >
17

1
m

for each s ∈ S,

S must be a strict subset of {1, . . . , m}. Without loss of generality, we assume that s∗ ∈ S and
s∗ + 1 ∈
/ S. Given agent 1’s strategy g1 , agent 2 can adopt the pure strategy g20 (v2 ) = as∗ +1
for any v2 ∈ V2 . Then the expected payoff of agent 2 is λ1 (Ds∗ ) − λ1 (Ds∗ +1 ) > 0 with the
strategy profile (g1 , g20 ). Since (g1 , g2 ) is a Bayesian Nash equilibrium, the expected payoff
of agent 2 must be at least λ1 (Ds∗ ) − λ1 (Ds∗ +1 ) with the strategy profile (g1 , g2 ), which is
strictly positive. This is a contradiction.
Proof of Claim 2. We first construct a deterministic mechanism which gives agent 1 the same
interim expected payoff. Define a function G on V1 × V2 = [0, 1]2 by letting
G(v1 , v2 ) =

Z v2
0

"

[v1 + (1 −

v20 )m ] λ2 (dv20 )

#

v1
1
+
,
−
2
2(m + 1)

for any (v1 , v2 ) ∈ V1 × V2 . It is clear that for any v1 ∈ [0, 1], G(v1 , 0) < 0 < G(v1 , 1) =
v1
2

+

1
.
2(m+1)

One can also check that

∂G
∂v2

= v1 + (1 − v2 )m > 0 for any v1 ∈ [0, 1] and

v2 ∈ [0, 1). Hence, for each v1 ∈ [0, 1], there exists a unique number g(v1 ) ∈ (0, 1) such that
G (v1 , g(v1 )) = 0. By the usual implicit function theorem, g must be differentiable, and hence
measurable. Let q̂ 1 (v1 , v2 ) = 1 if 0 ≤ v2 ≤ g(v1 ) and 0 otherwise, and q̂ 2 (v1 , v2 ) = 1− q̂ 1 (v1 , v2 ).
Then the mechanism q̂ gives agent 1 the same interim expected payoff.
We next show that there does not exist any deterministic mechanism that gives agent 2
the same interim expected payoff. Suppose that there exists a deterministic mechanism q̃
that gives agent 2 the same interim expected payoff. Fix value v2 ∈ V2 = [0, 1].
Suppose that q̃ 2 (0, v2 ) = 1. Then the interim expected payoff of agent 2 with value v2 is
Z
V1

Recall that

λ1 (0)
2

(v2 + (1 − v1 )m )q̃ 2 (v1 , v2 )λ1 (dv1 ) ≥ (v2 + 1)λ1 (0).

>+

1
.
m+1

Hence we have

(v2 + 1)λ1 (0) ≥ λ1 (0) >

λ1 (0)
1
v2 λ1 (0)
1
++
>
+
+ (1 − λ1 (0))
.
2
m+1
2
2
2(m + 1)

Thus, the interim expected payoff of agent 2 under the mechanism q̃ is strictly greater than
the interim expected payoff of agent 2 under the mechanism q. This is a contradiction.
Therefore, we must have q̃ 2 (0, v2 ) = 0 since q̃ is a deterministic mechanism.
Next, since q̃ 2 (0, v2 ) = 0, the interim expected payoff of agent 2 is
Z
V1

m

2

(v2 + (1 − v1 ) )q̃ (v1 , v2 )λ1 (dv1 ) =
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Z
(0,1]

(v2 + (1 − v1 )m )q̃ 2 (v1 , v2 )λ1 (dv1 )

≤ (1 − λ1 (0))

Z 1
0

(v2 + (1 − v1 )m ) dv1 = (1 − λ1 (0))v2 +

1 − λ1 (0)
m+1

λ1 (0)
1
<
<+
m+1
2
v2 λ1 (0)
1
<
+
+ (1 − λ1 (0))
.
2
2
2(m + 1)
That is, the interim expected payoff of agent 2 under the mechanism q̃ is strictly less than
the interim expected payoff of agent 2 under the mechanism q. This is also a contradiction.
Therefore, there does not exist any deterministic mechanism that gives agent 2 the same
interim expected payoff.

A.2

Proof of Theorem 1

+1
k
Let h be a function from V to RIKM
such that h0 (v) ≡ 1, and hikm (v) = rim
(v−i )17 for each
++

i ∈ I, 1 ≤ k ≤ K and 1 ≤ m ≤ M .18 Let J be the set of all nonempty proper subsets of I,
and Υ be the set of all allocation rules. That is, given any q̃ ∈ Υ, q̃ is a measurable function
and

P

k∈K

q̃ k (v) = 1 for λ-almost all v ∈ V . For any coalition J ⊆ I, denote λJ =

N

j∈J

λj .

Fix a Bayesian incentive compatible mechanism (q, t). We consider the allocation rule
q̃ ∈ Υ such that for any J ∈ J and λJ -almost all vJ ∈ VJ ,
E (q̃hj |vJ ) = E (qhj |vJ )

(1)

for j = 0 or j = ikm, i ∈ I, 1 ≤ k ≤ K and 1 ≤ m ≤ M .
Definition 2. We define the following set Υq :
Υq = {q̃ ∈ Υ : q̃ satisfies Equation (1)}.
In what follows, we first provide the following characterization result for the set Υq : Υq
is a nonempty, convex and weakly compact set in some Banach space. Therefore, the classical
Krein-Milman Theorem (see Royden and Fitzpatrick (2010, p. 296)) implies that Υq admits
17

Throughout this paper, IKM is the product of the integers I, K and M . However, the subscript ikm is

k
not the product of the numbers i, k and m, but refers to the vector (i, k, m) identifying the function rim
.
18

Denote R++ as the strictly positive real line. We assume that h is strictly positive without loss of generality.

+1
k
Indeed, we can work with the function h0 from V to R2IKM
such that h00 (v) ≡ 1, h01
+
ikm (v) = |rim (v−i )| + 1,
k
k
0
and h02
ikm (v) = rim (v−i ) + |rim (v−i )| + 1 for each i ∈ I, 1 ≤ k ≤ K and 1 ≤ m ≤ M . The function h is

strictly positive and suffices for our purpose.
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extreme points. We proceed by showing that all extreme points of the set Υq are deterministic
mechanisms.19 The existence of a deterministic mechanism that is equivalent in terms of
interim expected allocation probabilities immediately follows. The equivalence in terms of
interim expected utilities and ex ante expected social surplus follows from Equation (4) and
the separable payoff assumption. The incentive compatibility of the deterministic mechanism
follows from Equation (4) and the assumption that types are independent.
The following lemma characterizes the set Υq .
Lemma 1. Υq is a nonempty, convex and weakly compact subset.
Proof of Lemma 1. Clearly, the set Υq is nonempty and convex. We first show that Υq is
norm closed in Lλ1 (V, RK ), where Lλ1 (V, RK ) is the L1 space of all measurable mappings from
V to RK under the probability measure λ.
Suppose that the sequence {qm } ⊆ Υq and qm → q0 in Lλ1 (V, RK ). Then by the RieszFischer Theorem (see Royden and Fitzpatrick (2010, p. 398)), there exists a subsequence
{qms } of {qm }, which converges to q0 λ-almost everywhere. Since
λ-almost all v,

k
k∈K q0 (v)

P

k
k∈K qms (v)

P

= 1 for

= 1 for λ-almost all v. As a result, q0 ∈ Υ.

For any k ∈ K, J ∈ J , and B(VJ ) ⊗

N



1≤j≤I,j ∈J
/ {Vj , ∅} -measurable bounded mapping

p : V → RK ,
Z
V

(q0k hj )pλ(dv) = s→∞
lim

Z
V

k
(qm
h )pλ(dv) =
s j

Z
V

(q k hj )pλ(dv)

for j = 0 or j = ikm. The first equality is due to the dominated convergence theorem, and
the second equality holds since {qms } ⊆ Υq . Thus, q0 ∈ Υq , which implies that Υq is norm
closed in Lλ1 (V, RK ).
Since Υq is convex, Υq is also weakly closed in Lλ1 (V, RK ) by Mazur’s Theorem (see
Royden and Fitzpatrick (2010, p. 292)). As Υ is weakly compact in Lλ1 (V, RK ), we have that
Υq is weakly compact in Lλ1 (V, RK ), and hence has extreme points.
Since Υq is a nonempty, convex and weakly compact set, Υq has extreme points. The
following result shows that all extreme points of Υq are deterministic allocations.
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Manelli and Vincent (2007) use a related technique in the screening literature. Manelli and Vincent

(2007) consider revenue maximizing multi-product monopolist and study the extreme points of the set of
feasible mechanisms. They show that, with multiple goods, extreme points could be stochastic mechanisms.
In contrast, we work with the mechanism design setting, study a particular set of interest Υq and show that
all extreme points are deterministic. Apart from this general approach, the technical parts of the proofs are
dramatically different.
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Proposition 1. All extreme points of Υq are deterministic allocations.
Proof of Proposition 1. Pick an allocation rule q̃ ∈ Υq which is not deterministic, we
shall show that q̃ is not an extreme point of Υq .
Since q̃ is not deterministic, there is a positive number 0 < δ < 1, a Borel measurable
set D ⊆ V such that λ(D) > 0, and indices j1 , j2 such that δ ≤ q̃ j1 (v), q̃ j2 (v) ≤ 1 − δ for
any v ∈ D. For any J ∈ J , let DJ be the projection of D on

Q

j∈J

Vj . For any vJ ∈ DJ , let

D−J (vJ ) = {v−J : (vJ , v−J ) ∈ D} (abbreviated as DvJ ).
Consider the following problem on α ∈ Lλ∞ (D, R): for any J ∈ J and vJ ∈ DJ ,
Z
D−J (vJ )

α(vJ , v−J )h(vJ , v−J )λ−J (dv−J ) = 0.

(2)

Recall that h is a function taking values in RIKM +1 . For simplicity, denote l0 = IKM +1.
Define the set E as
E = {h(v) ·

X

ψJ (vJ ) : ψJ ∈ Lλ∞ (DJ , Rl0 ), ∀J ∈ J }.

J∈J

Then a bounded measurable function α in Lλ∞ (D, R) is a solution to Problem (2) if and only
if

R
D

αϕdλ = 0 for any ϕ ∈ E . We show in the Supplemental Material (Chen, He, Li, and

Sun (2016, Lemma A.3)) that E is not dense in Lλ1 (D, R). By Corollary 5.108 in Aliprantis
and Border (2006), Problem (2) has a nontrivial bounded solution α.
Without loss of generality, we assume that |α| ≤ δ. We extend the domain of α to V
by letting α(v) = 0 when v ∈
/ D. For every v ∈ V , define
q̂(v) = q̃(v) + α(v) (ej1 − ej2 ) ;
q(v) = q̃(v) + α(v) (ej2 − ej1 ) .
Then

P

k∈K

q̂ k (v) =

P

k∈K

q k (v) =

P

k∈K

q̃ k (v) = 1. If v ∈ D, then 0 ≤ q̂ j1 (v), q j2 (v) ≤ 1

as δ ≤ q̃ j1 (v), q̃ j2 (v) ≤ 1 − δ, and q̂ j (v) = q j (v) = q̃ j (v) for j 6= j1 , j2 . If v ∈
/ D, then
q̂(v) = q(v) = q̃(v) as α(v) = 0. Thus, q̂, q ∈ Υ.
For any J ∈ J and B(VJ ) ⊗

N

1≤j≤I,j ∈J
/ {Vj , ∅}



-bounded measurable mapping p ∈

Lλ∞ (V, RK ),
Z

(q̂ · p)hλ(dv) =

V

Z
V

(q̃ · p)hλ(dv) +

Z
V

α(v) ((ej1 − ej2 ) · p(v)) h(v)λ(dv).

Since
Z
V

α(v) ((ej1 − ej2 ) · p(v)) h(v)λ(dv)
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=

Z
VJ

=

Z
VJ

Z
V−J

α(v) ((ej1 − ej2 ) · p(v)) h(v)λ−J (dv−J )λJ (dvJ )

(ej1 − ej2 ) · p(v)

Z

α(v)h(v)λ−J (dv−J )λJ (dvJ )

V−J

= 0,
we have that
Z

(q̂ · p)hλ(dv) =

V

Z

(q̃ · p)hλ(dv),

V

which implies that q̂ ∈ Υq . Similarly, one can show that q ∈ Υq . Since q̂ and q are distinct
and q̃ = 12 (q̂ + q), q̃ is not an extreme point of Υq .
Now we are ready to prove our main result.
Proof of Theorem 1. Fix a mechanism (q, t). The proof is then divided into two steps. In
the first step, we obtain a deterministic allocation rule q̃ which has the same interim expected
allocation probability with q. In the second step, we verify that (q̃, t) and (q, t) deliver the
same interim expected utility for each agent.
By Proposition 1, every extreme point of Υq is a deterministic allocation rule. Therefore,
we can fix a measurable allocation rule q̃ such that
1. q̃ k (v) = 0 or 1 for λ-almost all v ∈ V and 1 ≤ k ≤ K;
2. for any agent i and λi -almost all vi ∈ Vi ,
Z
V−i

q̃(vi , v−i )λ−i (dv−i ) =

Z
V−i

q(vi , v−i )λ−i (dv−i ),

(3)

q(vi , v−i )hjkm (vi , v−i )λ−i (dv−i )

(4)

and
Z
V−i

q̃(vi , v−i )hjkm (vi , v−i )λ−i (dv−i ) =

Z
V−i

for any j ∈ I, 1 ≤ k ≤ K and 1 ≤ m ≤ M .
Let Di be the subset of Vi such that Equation (3) or (4) does not hold. Then λi (Di ) = 0.
Define a new allocation rule q̂ such that

q̂(v) =




q(v),

if vi ∈ Di for some i ∈ I;



q̃(v),

otherwise.

Then q̂ k (v) = 0 or 1 for λ-almost all v ∈ V and 1 ≤ k ≤ K.
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Fix agent i and vi ∈ Vi . If vi ∈ Di , then q̂(vi , v−i ) = q(vi , v−i ) and
R
V−i

R
V−i

q̂(vi , v−i )λ−i (dv−i ) =

q(vi , v−i )λ−i (dv−i ). If vi ∈
/ Di , then
Z
V−i

q̂(vi , v−i )λ−i (dv−i ) =
=

Z
D−i

Z
D−i

=0+

q̂(vi , v−i )λ−i (dv−i ) +
q(vi , v−i )λ−i (dv−i ) +

Z
V−i

=

Z
V−i



where D−i = ∪j∈I,j6=i Dj ×

Z
V−i \D−i

Z
V−i \D−i

q̂(vi , v−i )λ−i (dv−i )
q̃(vi , v−i )λ−i (dv−i )

q̃(vi , v−i )λ−i (dv−i )

q(vi , v−i )λ−i (dv−i ),


Q

s∈I,s6=i,j Vs . The first equality holds by dividing V−i as D−i

and V−i \ D−i . The second equality is due to the definition of q̂. The third equality holds
since λ−i (D−i ) = 0. The last equality is due to the condition that vi ∈
/ Di . As a result,
Equation (3) holds for q̂ and every vi ∈ Vi . Similarly, one can check that Equation (4) also
holds for q̂ and every vi ∈ Vi .
Suppose that the mechanism (q̂, t) is adopted. By Equation (3), the allocation rules q
and q̂ induce the same interim expected allocation. We need to check that they induce the
same interim expected utility. If agent i observes the state vi but reports vi0 , then his payoff is

Z
V−i

X

=



uki (vi , v−i )q̂ k (vi0 , v−i ) − ti (vi0 , v−i ) λ−i (dv−i )

X

1≤k≤K

Z

X

1≤k≤K 1≤m≤M

X

=

V−i

k
k
wim
(vi )rim
(v−i )q̂ k (vi0 , v−i )λ−i (dv−i ) − Ti (vi0 )

k
wim
(vi )

X

1≤k≤K 1≤m≤M

X

=

k
wim
(vi )

X

1≤k≤K 1≤m≤M

X

=

k
wim
(vi )

X

1≤k≤K 1≤m≤M

X

=

k
wim
(vi )

X

1≤k≤K 1≤m≤M

Z
V−i

Z
V−i

Z
V−i

Z
V−i

k
rim
(v−i )q̂ k (vi0 , v−i )λ−i (dv−i ) − Ti (vi0 )

hikm (v)q̂ k (vi0 , v−i )λ−i (dv−i ) − Ti (vi0 )
hikm (v)q k (vi0 , v−i )λ−i (dv−i ) − Ti (vi0 )
k
rim
(v−i )q k (vi0 , v−i )λ−i (dv−i ) − Ti (vi0 )



=

Z
V−i


X



uki (vi , v−i )q k (vi0 , v−i ) − ti (vi0 , v−i ) λ−i (dv−i ).

1≤k≤K

The first and second equalities follow from the separable payoff assumption. The fourth
equality follows from Equation (4) and also the assumption that types are independent. All
other equalities are simple algebras. Thus, these two mechanisms (q, t) and (q̂, t) deliver the
23

same interim expected utility for every agent. If (q, t) is Bayesian incentive compatible, then
(q̂, t) is clearly Bayesian incentive compatible. This completes the proof.
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