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ABSTRACT: We revisit the idea that robustness concerns can provide a foundation
for simple mechanisms. Formally, we consider the robust implementation notion
of continuous implementation (Oury and Tercieux, 2012), where continuity is with
respect to players’ hierarchy of beliefs. We define simplicity as (the truthful equi-
librium of) a direct revelation mechanism. We show that these two desiderata are
at odds. For continuity with respect to a finer topology on the hierarchy of beliefs
(which is a weaker requirement), the uniform-weak topology, we show that there is
a revelation principle. Conversely, for continuity with respect to the coarser prod-
uct topology (a stronger requirement), we show that no such revelation principle
holds. At a technical level, our characterization of continuous implementation in
the product topology uses a novel contagion argument which does not require the
existence of “crazy types” as is commonly assumed, and may be of independent
interest.
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1. INTRODUCTION

The so-called Wilson Doctrine suggests that research in mechanism design often as-
sumes too much common-knowledge among the agents, and that relaxing this assump-
tion is a necessary step to designs that are relevant to the real world. Thus motivated,
the literature on robust mechanism design, starting with the seminal work of Bergemann
and Morris (2005), aims to understand what social choice functions can be implemented
in settings where the designer does not know the information structure among agents.

Equally pertinent to this effort is understanding the implementing mechanisms them-
selves. After all, a major reason to consider robustness was to bring further realism to
the theory. This goal cannot be fully served if the answers always require the use of
complicated or unrealistic mechanisms.1 It is important therefore to understand not just
what kinds of social choice functions can be robustly implemented, but also to under-
stand when it can be achieved by “simple” mechanisms. For instance the seminal paper
Bergemann and Morris (2009) identifies a natural setting where a revelation principle ap-
plies to robust implementation (we provide further details of their setting and results in
Section 4). To quote, “an intuition for this result is that the strong common knowledge
assumptions used in the complete information and classic Bayesian implementation liter-
atures can be exploited via complex augmented mechanisms. Thus an attractive feature
of our approach is that the robustness requirement reduces the usefulness of complexity
in mechanism design”.

In this paper we show that the above intuition does not extend generally, and that these
two desiderata, i.e. of robust implementation, and implementation by simple mecha-
nisms, may be at odds. In a classical setting, we consider two definitions of robust imple-
mentation, one strictly more demanding than the other. Formally, we revisit the notion
of continuous implementation (Oury and Tercieux, 2012), and consider continuity with
respect to two topologies on the type-space, one coarser than the other. We show that a
“revelation principle” applies for the weaker notion (finer topology), i.e. that if a social
choice function can be robustly implemented, it can be robustly implemented by a direct
revelation mechanism.2 However, the stronger form does not admit a revelation princi-
ple. Requiring this stronger notion, therefore, may necessitate the use of more complex
mechanisms to robustly implement some social choice functions.

1For instance, a common critique of the literature on full implementation has been that the positive re-
sults often rely on complicated indirect or “augmented” mechanisms, which appear impractical to many
researchers.
2Like Bergemann and Morris (2009) our notion of “simplicity” is that a revelation mechanism suffices to
implement the underlying social choice function. Other notions of simplicity may provide interesting di-
rections for future study.
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1.1. Overview of Model and Results

We start from a standard Bayesian implementation setting. There are finite sets of
agents, types and alternatives. Further, in the baseline, the principal knows exactly the in-
formation structure among the agents. The planner would like to (partially) implement a
given social choice function, i.e. a function from profiles of agents’ types to alternatives, in
Bayes-Nash equilibrium. In this case, it is well known that any Bayesian incentive com-
patible social choice function is trivially partially implementable by a direct revelation
mechanism. But what if the principal is not sure about the exact information structure
among agents?

Formally, we adapt the formulation of Oury and Tercieux (2012) and revisit the ques-
tion of when a social choice function is continuously implementable.3 The basic idea as
the name suggests, is that the principal would like to implement the social choice function
in a continuous manner for close-by types. We use the standard formulation of incom-
plete information introduced in Harsanyi (1967) and developed in Mertens and Zamir
(1985). It requires that in any (epistemic) model that embeds the baseline model, there is
an equilibrium of the mechanism that yields the desired social choice function at all types
close to the initial types.

We consider continuity with respect to two topologies on the universal type space.
The first, the uniform-weak topology, (see e.g. Monderer and Samet (1989) and Chen,
Di Tillio, Faingold, and Xiong (2010)) is roughly a topology that preserves higher-order
beliefs, i.e. close by types in this topology have close by beliefs at arbitrarily high orders.
We show a “revelation principle” for continuous implementation in this topology. That is
to say, we characterize continuous implementation in this topology. Our characterization
shows that continuous implementation here is essentially that the social choice function
be implementable in strict Bayes Nash equilibrium in the baseline model.4 We then show
that a social choice function can be continuously implemented if and only if it can be
continuously implemented by a direct revelation mechanism.

The second, the product topology, used in Weinstein and Yildiz (2007) places no re-
strictions on agents’ higher-order beliefs, and is therefore a coarser topology. Continuous
implementation with respect to the product topology is therefore a more exacting require-
ment than continuous implementation with respect to the finer uniform-weak topology.
We verify that no revelation principle holds for continuous implementation in this topol-
ogy. As a result, this more exacting continuity requirement may need the principal to

3Our paper substantially builds off their work, we defer a fuller discussion to Section 4.
4Note that this is permissive: strictness follows if there is a uniform “worst” alternative, or we allow for
small transfers.
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recourse to more complicated mechanisms (indeed we show an example of exactly such
a setting and social choice function).

An upshot of our methods is that we are able to use some novel arguments to character-
ize continuous implementation in the product topology, strengthening the results of Oury
and Tercieux (2012). To get some intuition for our characterization result in the product
topology, recall the work of Weinstein and Yildiz (2007). They consider a given game of
incomplete information. They assume a form of richness: for each player, and each ac-
tion of that player, there exists a “crazy type” whose preferences make that action strictly
dominant. Their main result is to show that for any action a that is rationalizable for a
(normal) type in the game, there exist close-by types in the product topology for whom
that action is the unique rationalizable action. The possibility of aforementioned crazy
types is used to start a contagion process, with the strict dominance used to break ties.

In an implementation setting, this assumption of crazy types is not well grounded,
since the game form is chosen by the planner and therefore not fixed a priori. Further,
we are after a partial equilibrium result, i.e. there exists one equilibrium of the game
with the desired properties.5 Instead, our results in the product topology build off of our
characterization in the uniform-weak topology. Closeness in the uniform-weak topology
implies closeness in the product topology. By our results in the former topology, we know
that the implementing mechanism is roughly such that the equilibrium is strict. We use
types from the baseline model as a substitute for the “crazy types” of Weinstein and Yildiz
(2007)—these are sufficient since we are indeed arguing the existence (or lack thereof) of
a single equilibrium.

The organization of the rest of the paper is as follows. Section 2 defines the model,
including the notion of continuous implementation under the two notions of robustness.
In particular, we consider closeness in the uniform-weak and product topologies (Section
2.2). Section 3.1 studies the former, while Section 3.2 studies the latter. We defer a full
discussion of the related literature until Section 4 to fully contrast with our own results.
Finally Section 5 discusses some critical assumptions, highlights possible extensions and
concludes.

2. MODEL

There is a set I of agents, a set A of alternatives, and a set of states of the world Θ. All
three sets are finite. Each agent i has a state-dependent utility function over alternatives
given as: ui : A×Θ→ R.

5In this sense, there is a tighter connection between our results and those of Weinstein and Yildiz (2004), we
discuss the details after we introduce our formal results. See also Weinstein and Yildiz (2011).
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To understand the information structure among these agents we need the following
standard defintion: a model T is a pair (T, κ) where T = T1× T2× · · · × TI is a countable
type space and κti ∈ ∆ (Θ× T−i) denotes the associated beliefs for each ti ∈ Ti.

The principal considers a baseline model which we denote by T =
(
T, κ

)
. We assume

that the baseline model is finite, i.e.,
∣∣T∣∣ < ∞. For instance, this includes as a special

case the standard mechanism design setting with a common prior over payoff-relevant
types. More precisely, we may set Θ = ×i∈IΘi , Ti = Θi, and each κti is induced from a
common prior µ ∈ ∆ (Θ) such that margΘi µ [θi] > 0 for each θi, i.e., κti [(θi, θ−i, t−i)] =

1{θi=ti,θ−i=t−i}µ (θ−i|θi).
A social choice function (SCF) is a mapping f : T0 → A where T0 ⊂ T. Assume

also that {ti}×suppκti ⊂ T0 for every ti ∈ Ti. Observe that this still includes complete-

information models T CI where f : Θ → A and T CI is a pair
(

TCI, κ
)

such that TCI
i = Θ

and κtθ
i

[(
θ, tθ
−i
)]

= 1 for every tθ
i ∈ TCI

i that corresponds to the payoff-relevant state
θ ∈ Θ.

A mechanism/ game form, denotedM = (M, g) is a message space Mi for each player
i, and an outcome function g : M → A. A direct revelation mechanism (formally, we
mean a direct revelation mechanism for the baseline model, we will simply say direct
revelation mechanism or DRM without the qualifier hereon in) is a mechanism where
Mi = Ti for all agents i. A mechanismM and a model T induce a game of incomplete
information we denote U(M, T ).

2.1. Continuous Implementation

The basic idea of continuous implementation is that the principal would like to imple-
ment the social choice function above not just in the baseline model, but also on types in
extended models that are “close” to types in this baseline. To define it therefore we need
some additional definitions.

Following Oury and Tercieux (2012), for two models T = (T, κ) and T ′ = (T′, κ′), we
say T ⊃ T ′ if T ⊃ T′, and for ti ∈ T′i : κti [E] = κ′ti

[(Θ × T′−i) ∩ E] for any measurable
E ⊂ Θ× T−i.

Given a type ti in a model (T, κ), we can compute the first-order belief of ti (i.e., his
belief about Θ) by setting t1

i equal to the marginal distribution of κti on Θ. We can also
compute the second-order belief of ti (i.e., his belief about

(
θ, t1)) by setting

t2
i [E] = κti

[{
(θ, t−i) :

(
θ, t1

i , t1
−i

)
∈ E

}]
, ∀E ⊂ Θ× (∆ (Θ))I .

Proceeding in this way, we can compute the entire hierarchy of beliefs
(
t1
i , t2

i , . . . , tk
i , . . .

)
.

Consider some metric d on types, where we identify each type as the entire hierarchy of
beliefs.
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We are now in a position to define continuous implementation.

DEFINITION 1. Given any SCF f , mechanism M = (M, g), and model T = (T, κ) with
T ⊃ T , say that a mixed-strategy Bayes-Nash Equilibrium (BNE) σ continuously implements
(resp. strictly continuously implements) f in U (M, T ) w.r.t. a metric d if

a. σ|T is a pure-strategy Bayes-Nash Equilibrium (resp. strict Bayes-Nash equilibrium) in
U
(
M, T

)
;

b. For any t ∈ T0, g (σ (tn)) → f (t) for any sequence of type profiles {tn} ⊂ T with
d (tn, t)→ 0.

We say that f is continuously implementable (resp. strictly continuously implementable)
w.r.t. metric d if there is a mechanismM = (M, g) such that for any model T ⊃ T , there is
an equilibrium which continuously implements (resp. strictly continuously implements) f in
U (M, T ).

Of specific interest is continuous implementation with a direct revelation mechanism:

DEFINITION 2. We say f is truthfully continuously implementable w.r.t. metric d if the
direct revelation mechanism is such that for any model T ⊃ T , there is a (possibly mixed) BNE σ

in the game U (M, T ) such that for every t ∈ T0:

a. g(t) = f (t), and,
b. for any sequence of type profiles {tn} ⊂ T with d (tn, t)→ 0, σ (tn) = δt for any n large

enough.

Note that truthful continuous implementation is more demanding on the surface than
continuous implementation in two ways. Firstly, it fixes the form of the mechanism used.
Secondly, it demands robustness of a specific equilibrium of this mechanism (i.e., the
truth-telling equilibrium).6

2.2. Two specific topologies on types

As we stated earlier, this paper focuses on the gap between general continuous imple-
mentation and truthful continuous implementation in the context of two specific topolo-
gies on types. The first, the uniform-weak topology, is a very fine topology in that it
preserves proximity of beliefs at all orders on the hierarchy. The second, the product
topology, only preserves beliefs at finite (but arbitrarily high) orders. Conceptually, one
can argue that these capture two disparate ways two types can be close: the former in-
volves proximal agreement at all higher-order beliefs, while the latter only constrains
lower-order (albeit arbitrarily high) beliefs.

6One may require the first without the second—in a different context, this is the exercise of Takahashi and
Tercieux (2011). We discuss this further in Section 4.
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Now, write X0 = Θ and for each k ≥ 1: Xk =
[
∆
(
Xk−1)]I−1 × Xk−1. Observe that

tk
i ∈ ∆

(
Xk−1) for every k ≥ 1. Let d0 be the discrete metric on Θ and d1 be the Pro-

horov distance on 1st-order beliefs (∆ (Θ)).7 Then, recursively, for any k ≥ 2, endow
∆
(
Xk−1) with the Prohorov distance dk where Xk−1 is endowed with the sup-metric in-

duced by d0, d1,...., dk−1. Mertens and Zamir (1985) construct the universal type space
T∗i ⊂ ×∞

k=0∆
(
Xk). The universal type space has the property that ti = (t1

i , t2
i , . . .) ∈ T∗i if

and only if there exists some type t′i in some model such that ti and t′i have the same n-th-
order belief for every n. Endowed with the product topology, T∗i is a compact metrizable
space and admits a homeomorphism κ∗i : T∗i → ∆(Θ× T∗−i).

We say that a sequence of types {ti,n}∞
n=1 converges uniform-weakly to a type ti if:

duw
i (ti,n, ti) ≡ sup

k≥1
dk

i

(
tk
i,n, tk

i

)
→ 0.

Moreover, write duw (tn, t)→ 0 if duw
i (ti,n, ti)→ 0 for each i.8

We say that a sequence of types {ti,n}∞
n=1 converges in the product topology to a type ti

if

dp
i (ti,n, ti) ≡

∞

∑
k=1

2−kdk
i

(
tk
i,n, tk

i

)
→ 0.

Again, write dp (tn, t)→ 0 if dp
i (ti,n, ti)→ 0 for each i.

2.3. Reduced Normal Forms and a Richness Assumption

A recurring issue in our setting is breaking indifferences, since we have no transfers.
The following definition is the standard definition of strategic equivalence applied to our
setting.

DEFINITION 3. For a DRM g, we say ti is strategically equivalent to t′i for an agent i if agent
i is indifferent between the two reports regardless of the state and others’ reports, i.e.:

∀t−i, θ : g(ti, t−i) ∼i,θ g(t′i, t−i).

In light of this we could consider defining the reduced normal-form of our DRM, again,
in line with standard terminology.

7For a metric space (X, ρ), the Prohorov distance between any two µ, µ′ ∈ ∆ (X) is

inf{γ > 0 : µ′(E) ≤ µ(Eγ) + γ for every Borel set A ⊆ X},
where Eγ = {x ∈ X : inf

y∈E
ρ(x, y) < γ}.

8See Chen, Di Tillio, Faingold, and Xiong (2010) for further details about this topology.
7



CHEN, MUELLER-FRANK, AND PAI

DEFINITION 4. A reduced normal-form of a DRM g, denoted g̃, is a mechanism in which all
the strategically equivalent messages are identified. For each ti, let t̃i denote the message in g̃
corresponding to the set of messages strategically equivalent to ti in g.

It is possible in the original mechanism g that two messages are strategically equivalent
for some agent i but deliver different outcomes at some profile of messages from other
agents. There is then an indeterminacy as to which outcome should be selected in the
reduced normal form mechanism g̃ (formally the mechanism g̃ is not well defined). The
following assumption rules this out.

ASSUMPTION 1. We say that a social choice function f admits a reduced normal-form if f
viewed as DRM is such that f̃ is well defined, i.e., for an agent i and any two messages ti and t′i
which are strategically equivalent, f (ti, ·) = f (t′i, ·).

This is reminiscent of the non-bossiness assumption, introduced by Satterthwaite and
Sonnenschein (1981), which is often invoked in social choice/ allocation settings. Roughly,
it requires that if an agent changing his report (all else equal) changes the selected alter-
native, then the agent cannot be indifferent between the two alternatives. However, non-
bossiness is standardly defined only for private-value settings, so we do not expound
further. Observe that the following simple richness assumption purely on the environ-
ment implies that Assumption 1 is always satisfied.

ASSUMPTION 2. For every agent i and any two alternatives a, a′ ∈ A, there is some θ such that
agent i is not indifferent between a and a′ under θ.

This latter assumption may not be appropriate for some settings of interest. However,
the desired social choice function f may be such that Assumption 1 is satisfied, even
though the environment does not satisfy Assumption 2.

For example consider a setting with three agents 1, 2, 3, and three alternatives 1, 2, 3,
with each alternative to be thought of as the corresponding agent getting the good. Each
agent i has a value vi ∈ [0, 1] for receiving the good, and an outside option of 0 for
not receiving the good, with θ = (v1, v2, v3), Θ = [0, 1] × [0, 1] × [0, 1]. In this set-
ting, Assumption 2 is not satisfied—e.g. agent 1 is always indifferent between alterna-
tives 2 and 3. However, the social choice function which assigns the good efficiently,
f (v1, v2, v3) = arg maxi(v1, v2, v3) is such that any DRM g that implements it must satisfy
Assumption 1—an agent’s report will sometimes affect her own allocation.

In what follows, we invoke the weaker/ necessary Assumption 1 where possible. The
reader may substitute the stronger/ sufficient, but also more elegant Assumption 2 if they
prefer.
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3. RESULTS

3.1. Uniform-Weak Topology

Direct Mechanisms. To state and prove our characterization of truthful continuous imple-
mentation, we introduce two more terms. We say that DRM g strictly rewards truth-telling
at type ti over type t′i for agent i if

∑
(θ,t−i)∈Θ×T−i

[
ui (g(ti, t−i), θ)− ui

(
g(t′i, t−i), θ

)]
κti [(θ, t−i)] > 0.

We say that ti always weakly dominates t′i for agent i in DRM g if

∀ (θ, t−i) ∈ Θ× T−i : ui (g(ti, t−i), θ)− ui
(

g(t′i, t−i), θ
)
≥ 0.

The following simple lemma is key to our characterization of truthful continuous im-
plementation.

LEMMA 1. If an SCF f is truthfully continuously implementable by a DRM g with respect to
duw, then, for every agent i and any pair of agent i’s types ti and t′i, either g strictly rewards
truth-telling at ti over t′i; or ti always weakly dominates t′i in g.

The basic idea of the proof of this Lemma is by contradiction. Suppose there exists an
agent i and a pair of types ti and t′i such that g neither strictly rewards truth-telling at ti,
nor does ti always weakly dominate t′i. This in particular means that there is some state
θ′ and some profile of other agents’ reports t′−i at which agent i strictly prefers to report t′i
over ti. We show that there exists a sequence of perturbations which converges to ti in the
uniform-weak topology, such that each type in this sequence uniquely prefers to report
t′i in the DRM. Roughly speaking, these are types that put a small mass on the state that
the type is θ′ and the other agents’ types are t′−i, but are otherwise identical to ti. Thus
the conditions described in the Lemma are a necessary condition for truthful continuous
implementation in this setting. The formal proof, and several other omitted proofs, are in
the appendix.

We now obtain our main characterization of truthful continuous implementation as
follows.

THEOREM 1. An SCF f is truthfully continuously implementable by a DRM g with respect to
duw if and only if for every agent i and any pair ti and t′i, either g strictly rewards truth-telling at
ti over t′i; or ti is strategically equivalent to t′i for agent i.

The proof of this theorem is easy to describe. The necessity of our condition is straight-
forward in light of Lemma 1. If g does not strictly reward truth-telling at ti over t′i, then by
the condition of the Lemma, ti must always weakly dominate t′i. But then g cannot strictly

9
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reward truth-telling at t′i over ti either. This must imply that t′i also always weakly domi-
nates ti, which implies that ti and t′i are strategically equivalent. We show the sufficiency
of our condition constructively.

The following corollary now follows straightforwardly.

COROLLARY 1. Suppose that Assumption 1 holds. f is truthfully continuously implementable
in duw if and only if the reduced normal-form DRM g̃ implements f in truthful strict BNE in
U
(
M, T

)
.

To see this, observe that Assumption 1 ensures that the reduced normal-form of the
DRM is well-defined. The corollary now follows trivially from the characterization in
Theorem 1 (since by definition there are no strategically equivalent strategies in the re-
duced normal-form).

Indirect Mechanisms. To state and prove our characterization of continuous implementa-
tion, we introduce two more terms. Fix a mechanismM = (M, g). For agent i’s type ti in
Ti and message m′i ∈ Mi, we say that f strictly rewards ti over m′i in a (pure-strategy) BNE
σ in U

(
M, T

)
if

∑
(θ,t−i)∈Θ×T−i

[
ui (g (σi (ti) , σ−i (t−i))), θ)− ui

(
g
(
m′i, σ−i (t−i)

)
), θ
)]

κti [(θ, t−i)] > 0.

Moreover, we say that ti always weakly dominates m′i in a (pure-strategy) BNE σ in
U
(
M, T

)
if

∀ (θ, t−i) ∈ Θ× T−i : ui (g (σi (ti) , σ−i (t−i))), θ)− ui
(

g
(
m′i, σ−i (t−i)

)
), θ
)
≥ 0.

The following lemma is again the key to our characterization of continuous implemen-
tation. The proof is analogous to the proof of Lemma 1.

LEMMA 2. If T0 = T and f is continuously implementable w.r.t. duw, then there is a pure-
strategy BNE σ in U

(
M, T

)
such that for each agent i, each type ti in Ti and message m′i ∈ Mi,

either f strictly rewards σ(ti) over m′i; or σ(ti) always weakly dominates m′i in BNE σ.

Lemma 2 immediately implies the following characterization (as well as revelation
principle) for continuous implementation in duw. Given an SCF f on T, denote by f̃
the reduced normal form of the DRM f . The proof is analogous to the proof of Theorem
1.

THEOREM 2. Suppose that Assumption 1 holds and T0 = T. f is continuously implementable
in duw if and only if the reduced normal-form DRM f̃ implements f in truthful strict BNE in
U
(
M, T

)
.

10
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The basic idea of Theorem 2 is analogous to the proof of Theorem 1. The main difference
is that we need Assumption 1 to ensure that the reduced normal-form is well-defined. We
can then apply similar arguments.

3.2. Product topology

Direct Mechanisms. Now, we consider continuous implementation in the product topol-
ogy. As before, we first consider what we term direct revelation mechanisms, i.e., game
forms where the message space of each player i is Ti.

DEFINITION 5. Let R∞
i (ti,M) denote the set of interim correlated rationalizable messages of

type ti inM defined as follows:
Let R0

i (ti,M) = Mi. Inductively, for each k ≥ 1, a message mi ∈ Rk
i (ti,M) iff there is some

µ−i ∈ ∆ (Θ× T−i ×M−i) such that

R1: mi ∈ arg maxm′i ∑θ,m−i
ui
(
m′i, m−i, θ

)
margΘ×M−i µ−i [(θ, m−i)];

R2: marg Θ×T−i µ−i = κti ;

R3: µ
({

(θ, t−i, m−i) : m−i ∈ Rk−1
−i (t−i,M)

})
= 1.

Then, R∞
i (ti,M) ≡ ∩∞

k=1Rk
i (ti,M).

We now define implementation in the unique rationalizable action profile.

DEFINITION 6. Let g be a DRM that admits a reduced normal-form. We say f is implementable
in the unique rationalizable action profile in the reduced normal-form g̃ if for every t ∈ T,
R∞ (t, g̃) = {t}.

Note that this definition is slightly stronger than requiring rationalizable implementa-
tion: rationalizable implementation only requires that every rationalizable action profile
results in the desired alternative, while here, in addition, we require that the implement-
ing mechanism have a unique rationalizable strategy for each type.

THEOREM 3. Suppose that Assumption 1 holds. An SCF f is truthfully continuously imple-
mentable w.r.t. dp by a DRM g if and only if it is implementable in unique rationalizable action
profile in g̃ in the sense of Definition 6.

Since this proof is fairly involved, a high level overview may be useful to help orient the
reader. Sufficiency is fairly straightforward—if g̃ implements f in unique rationalizable
action, then g truthfully continuously implements f —this follows straightforwardly from
the upper hemi-continuity of the rationalizable correspondence.

The nontrivial direction is therefore necessity, i.e. to show that if an SCF f is truthfully
continuously implementable (in the the product topology) then f must be implementable
in the unique rationalizable action in the sense of Definition 6.
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As a building block we have Theorem 1 and Corollary 1 which tell us that an SCF f is
truthfully continuously implementable w.r.t. the uniform-weak topology if and only if it
is implementable in Strict Bayes-Nash Equilibrium in the “reduced normal form.” From
this fact, and the fact that the uniform-weak topology is finer than the product topology,
we already know that f is truthfully continuously implementable in the product topology
then f is implementable in Strict Bayes-Nash Equilibrium.

Recall further that we are considering implementation with DRMs, i.e. for every mes-
sage an agent could send there is a corresponding type which sends that message, in other
words, the equilibrium has full range. Strict Bayes-Nash equilibrium implies that when
agent i has type ti, it is a strict best response for him to send the corresponding message
in the equilibrium. We use this fact as a substitute for the costly messages of Oury and
Tercieux (2012).

Take any rationalizable strategy t′i for a player i. We can construct a sequence of types
that converge to a baseline type ti in the product topology for which this strategy is the
unique best response, in a manner similar to Weinstein and Yildiz (2007) (and also Wein-
stein and Yildiz (2004)). Roughly, put most of the mass of−i′s beliefs on the fact the others
will play the strategies that rationalize t′i, and a small probability that the type t′i for whom
the strategy t′i is a strict best response is the type and everyone is playing that. Then t′i
is a strict best response. Therefore, at any Bayes-Nash Equilibrium of the incomplete in-
formation game in this model, these constructed types must be playing the rationalizable
strategy t′i. From the fact that the social choice function is continuously implementable,
therefore, we have rationalizable implementation as desired.

A failure of the Revelation Principle. In this section, we show by counterexample that a rev-
elation principle does not apply to continuous implementation with respect to the prod-
uct topology. In particular, we show an example below in which the direct revelation
mechanism does not continuously implement the desired social choice function (in par-
ticular, since it is easily verified that this fails the characterization of Theorem 3). We then
constructively show that there is a mechanism which contains additional messages and
continuously implements the desired social choice function. The example is essentially
due to Oury and Tercieux (2012) (working paper version).

There are 2 agents. Each claims an object, in state θi, i = 1, 2, agent i is the legitimate
owner. The set of outcomes is A = {(x, p1, p2) : x ∈ {0, 1, 2, 3}, p1, p2 ∈ {0, ξ, ξ, ξ}}, .
If x = 0, the object is not given to either player, x = 1 or 2 connotes that it was given
to the respective player, while x = 3 implies that neither player gets the object and both
are punished. The pi’s correspond to payments from the agents to the principal. Utility
functions are quasilinear and the object has a monetary value to each player. The value
is vH if the player is the true owner, 0 < vL < vH otherwise. Finally, the punishment
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outcome x = 3 is equivalent to a fine of fL to the agent if she is the legitimate owner, and
fH > fL > 0 if not.

The baseline type-space of each agent is {θ1, θ2} with the κ̄(·) being the appropriate
common knowledge function.9 The social choice function the principal would like to
continuously implement is f (θi, θi) = (i, 0, 0), f (θi, θj) = (0, ξ, ξ) with ξ > fL.

CLAIM 1. This social choice function is not truthfully continuously implementable wrt dP.

PROOF. Note that a direct revelation mechanism in this setting has exactly two messages
for each player, one corresponding to each type. The result now follows straightforwardly
from the characterization of Theorem 3 since both are rationalizable for both types. �

CLAIM 2. There exists an indirect mechanism that continuously implements f with respect to dP.

PROOF. Consider an indirect mechanism where each player has 3 possible messages,
(Mine, His, Mine+). The outcome is given by the matrix below with vL < ξ < vH,
fL < ξ < fH and ξ < ξ.

Mine His Mine+
Mine (0, ξ, ξ) (1, 0, 0) (2, ξ, ξ)

His (2, 0, 0) (0, ξ, ξ) (0, ξ, 0)
Mine+ (1, ξ, ξ) (0, 0, ξ) (3, 0, 0)

At θ1, action “His” is strictly dominated by “Mine+” for player 1. Consequently, “Mine”
and Mine+ are strictly dominated by “His” for player 2. Finally, in the third round,
“Mine” is strictly better than “Mine+” for Player 1. Analogous reasoning follows for
type θ2. Hence “Mine” is the unique rationalizable action for type θ1, and “His” for type
θ2. Playing this rationalizable action results in the desired social choice function being
implemented.

Therefore, since the the mechanism described above continuously implements the so-
cial choice function f w.r.t. dP because the interim correlated rationalizable correspon-
dence is upper-hemicontinous (see proof of sufficiency of Theorem 3). �

REMARK 1. Observe that the example as stated is one where agents’ types are common knowledge
among the agents. The support of the typespace is therefore “diagonal,” i.e. not the product
typespace we require in our model.

9Note that κ̄ thus defined results in a “diagonal” typespace that does not fit our model’s requirement that
the typespace be a product space. This is for expositional simplicity. Remark 1 below shows how the
example extends appropriately.
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However consider a slight perturbation of this model where type θ1 believes the other agent is of
type θ2 with probability (1− ε), and type θ2 with probability ε, and θ2’s beliefs are defined analo-
gously. This will satisfy our requirements for some ε > 0 small enough. To see this, observe that
both Claims 1 and 2 continue to hold as written. Firstly, each action remains strictly rationalizable
in the direct revelation mechanism (Claim 1). Further, since the set of rationalizable actions is ap-
propriately upper-hemicontinuous (see e.g. Theorem 2 of Dekel, Fudenberg, and Morris (2006)),
Claim 2 follows for ε small enough.

A partial characterization for Indirect Mechanisms. Finally, we provide some results about
continuous implementation with respect to the product topology in indirect mechanisms.
We assume that T has full support, i.e., for each ti ∈ Ti, we have suppκti = Some new
definitions are now necessary. We say that mi is strategically equivalent to m′i for agent i
in BNE σ in U

(
M, T

)
if

∀ (θ, t−i) ∈ Θ× T−i : ui (g (mi, σ−i (t−i)) , θ) = ui (g (mi, σ−i (t−i)) , θ) .

The following assumption is essentially Assumption 1 adapted to indirect mechanisms.

ASSUMPTION 3. For any agent i and any two messages mi and m′i which are strategically equiv-
alent for some BNE σ in U

(
M, T

)
, we have g (mi, ·) = g

(
m′i, ·

)
.

THEOREM 4. Suppose that Assumption 3 holds for mechanism M. Then, f is continuously
implementable in dp if and only if it is strictly continuously implementable in dp.

PROOF. Suppose thatM continuously implements f w.r.t. dp. To prove that M̃ strictly
continuously implements f w.r.t. dp, consider any model T ′ = (T′, κ′). Denote by
T ′′ = (T′′, κ′′) the disjoint union of T ′ = (T′, κ′) and the model T = (T, κ) constructed
in Lemma 2. Then, we must have some BNE σ which continuously implements f in
U (M, T ′′) (and there by in U (M, T )). It follows from Lemma 2 that σ|T satisfies the
property that for each agent i, each type ti in Ti and message m′i ∈ Mi, we have either
σ|T strictly rewards ti over m′i; or ti always weakly dominates m′i in BNE σ|T. Since T
has full support, if ti always weakly dominates m′i in σ|T and σi|T (ti) is not strategically
equivalent to m′i, the message m′i must yield strictly lower payoff than σi|T (ti) for type
ti. Hence, it follows from Assumption 3 that σ|T is a strict BNE in U

(
M̃, T

)
. It follows

that σ which continuously implements f in U (M, T ′). Hence, M̃ strictly continuously
implements f w.r.t. dp. �

At this point it is worth connecting our results to Oury and Tercieux (2012). Theo-
rem 3 of Oury and Tercieux (2012) shows that any social choice function that is strictly
continuously implementable must satisfy a form of monotonicity (formally, strict interim
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rationalizable monotonicity, see Definition 8 of that paper). The present theorem effec-
tively shows that under Assumption 3, the same implication extends to all continuously
implementable social choice functions.

DEFINITION 7. Let T = (T, κ) be a model. Denote by W∞
i (ti,M) the set of (interim correlated)

strictly rationalizable messages of type ti in U (M, T ) defined as follows:
Let W0

i (ti,M) = Mi. Inductively, for each k ≥ 1, a message mi ∈ Wk
i (ti,M) iff there is

some µ−i ∈ ∆ (Θ× T−i ×M−i) such that

R1: {mi} = arg maxm′i ∑θ,m−i
ui
(
m′i, m−i, θ

)
marg µΘ×M−i [θ, m−i];

R2: marg Θ×T−i µ−i = κti ;

R3: µ−i

({
(θ, t−i, m−i) : m−i ∈Wk−1

−i (t−i,M)
})

= 1.

Then, W∞
i (ti,M) ≡ ∩∞

k=1Wk
i (ti,M).

We can now define implementation in strictly rationalizable action profile:

DEFINITION 8. We say f is implementable in strictly rationalizable action profiles by mechanism
M if for every t ∈ T, we have g (m) = f (t) for every m ∈W∞ (t,M).

THEOREM 5. Suppose that Assumption 3 holds. An SCF f is continuously implementable w.r.t.
dp by a finite mechanism only if f is implementable in strictly rationalizable action profiles by a
finite mechanism.

The result makes more clear the trade-off between Oury and Tercieux (2012) and our
paper. The trade-off is actually not that they allow indirect mechanism whereas we focus
on direct revelation mechanisms but rather that of the two assumptions.

Our approach has more bite in the classical literature where messages are cheap talk.
This enables us to study the robustness of the revelation principle (Assumption 3 reduces
to Assumption 1 when applied to direct revelation mechanisms and truthful strategies
being the equilibrium). The cost is that we need these kinds of “richness” assumptions to
make any progress.

Conversely, their approach needs no such richness assumption, but instead appeals to a
vanishing cost of messages. This allows them to provide a full characterization of contin-
uous implementation of a social choice function. In particular they show that continuous
implementation is equivalent to rationalizable implementation of the social choice func-
tion in the baseline environment.

We should note that Theorem 5 only provides necessary but not sufficient conditions:
the strict rationalizable correspondence need not be upper-hemicontinuous. Therefore
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we cannot conclude that a social choice function that satisfies this condition will be con-
tinuously implementable with respect to the product topology. Of course, we know from
Oury and Tercieux (2012) that rationalizable implementability of the social choice func-
tion is sufficient. There is, therefore, a gap between the necessary and sufficient conditions
in this setting. A full characterization appears out of reach.

4. RELATED LITERATURE

There is a large, influential literature on the connection between higher-order beliefs
and strategic behavior, beginning with the email game paper of Rubinstein (1989) and
the subsequent global games paper of Carlsson and Van Damme (1993), too large to com-
prehensively cite here. Indeed, within this field there are now at least two influential ap-
proaches: the ex-ante approach of e.g. Kajii and Morris (1997), and the interim approach
of Weinstein and Yildiz (2004) and Weinstein and Yildiz (2007). As we stated earlier, our
approach builds upon ideas from the latter.

There is also a large literature considering robustness in mechanism design. It bifur-
cates into “global” and “local” approaches.10 In global approaches (see e.g. the pioneering
works of Bergemann and Morris (2005); Chung and Ely (2007)) the planner has no infor-
mation on the information structure (model) that will prevail among agents. The goal
therefore is to implement the social choice function on all models the planner considers
possible. In contrast, in the local approach (see e.g. Chung and Ely (2003), Oury and
Tercieux (2012), Jehiel, Meyer-ter Vehn, and Moldovanu (2012) or Aghion, Fudenberg,
Holden, Kunimoto, and Tercieux (2012)) the planner has some specific model in mind but
is not entirely confident about it. The requirement therefore is analogously local, i.e. that
the social choice function be implemented at types close to the initial model. This paper
falls in the latter, i.e. local camp.

The formulation of a “local” approach to robustness that we use in this paper was pio-
neered by Oury and Tercieux (2012).11 They do not consider the uniform-weak topology
but do hint at similar results in one direction (see, e.g., Footnote 16 of their paper). Our
results on the uniform-weak topology thus both strengthen their results, and also consti-
tute a key intermediate step to our characterization in the product topology. Our focus on
the revelation principle complements their results.

We should note that requiring continuous implementation with respect to either topol-
ogy is weaker than the “global” robustness desideratum of Bergemann and Morris (2005).

10While we will not dwell on these, intermediate notions of robustness, where the principal rules out some
possible beliefs among the agents, have also been recently formulated and characterized—see e.g. Ollár
and Penta (2017).
11We also refer the reader to Oury (2015), who characterizes continuous implementation as equivalent to
full implementation in rationalizable strategies by introducing local payoff uncertainty of the planner.
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In our setting, it is straightforward to see that the latter admits a revelation principle. In
that sense, our results uncover a “non-monotonicity:” the weakest and strongest notions
of robustness admit a revelation principle, while the intermediate one does not.

As we mentioned in the introduction, one paper which asks a question similar to
ours albeit in a very different setting is Bergemann and Morris (2009). They consider
an interdependent-value allocation setting with single-crossing, and characterize when
a direct revelation mechanism robustly implements a social choice function. By contrast
with our paper, they are concerned with full implementation, and their notion of robust-
ness is “global” in the taxonomy described above. They fully characterize implementable
social choice functions in this setting, and show a revelation principle for their setting: if
their conditions on the social choice function are satisfied, then robust implementation is
possible in the direct mechanism, conversely, if their conditions fail then robust imple-
mentation is not possible in any mechanism.

A recent closely related paper that takes a different approach is Takahashi and Tercieux
(2011): they study robust equilibrium outcomes rather than robust equilibrium behaviors
(recall our discussion after Definition 2). Formally, they look at sequential games where
there is almost common certainty of payoffs (for our purposes, “almost” refers to close in
the uniform-weak topology). The latter means that their results do not directly apply to
our setting: our Theorem 2 requires the domain of the SCF to have a product structure,
while almost common certainty implies the baseline typespace is entirely the diagonal.
That said, their results imply that if a social choice function is implemented via a mech-
anism with a unique subgame perfect equilibrium outcome, continuous implementation
in the uniform-weak topology follows. It follows that when considering continuous im-
plementation with respect to the uniform-weak topology around common certainty of
payoffs, a revelation principle does not apply.12

5. DISCUSSION AND CONCLUSIONS

In this paper, we revisited the idea that the desideratum of robustness may result in
the underlying implementing mechanism being simpler according to some criterion. In
particular, our criterion was that the social choice function be implementable by a direct
revelation mechanism. We showed that these two desiderata, i.e. of robust implementa-
tion and of implementation by simple mechanisms may be at odds.

12In fact, the failure of revelation principle occurs because of our requirement that truth-telling be played
with probability 1 (part (b) of Definition 2) instead of the restriction of using a DRM. Further details are
available from the authors on request. We thank Satoru Takahashi and Olivier Tercieux for discussions on
this topic.
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More specifically, we considered continuous implementation with respect to two topolo-
gies on the universal type space, the uniform-weak topology (which preserves higher-
order beliefs) and the product topologies. Roughly speaking, continuous implementation
requires that in any type-space that embeds the baseline type-space, there is a Bayes-Nash
equilibrium that delivers the desired social choice function “continuously,” i.e. also for
close by types. In the former, finer topology, we characterized continuous implementa-
tion and showed that a social choice function is continuously implementable if and only
if it is continuously implementable by a direct mechanism. The latter topology is coarser
and therefore continuous implementation with respect to this topology is a strictly more
exacting requirement. Nevertheless, here, there exist social choice functions that cannot
be continuously implemented by a direct revelation mechanism but can be continuously
implemented by some other mechanism. Therefore a stronger robustness requirement
may require a more elaborate implementing mechanism.

Of course, this paper only considers one particular (but canonical) notion of simplicity,
and a specific albeit influential notion of robustness. Understanding more deeply how the
desiderata of robustness of implementation and simplicity of implementing mechanism
interact is an important direction for future investigation.
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APPENDIX A. OMITTED PROOFS

PROOF OF LEMMA 1. Suppose that f is continuously implementable w.r.t. duw by mech-
anismM = (M, g). Consider a model T = (T, κ) defined as follows. Let

Tj = T j
⊔ ⊔

(
θ′,tj,t′−j

)
∈T j×Θ×T−j

∞⊔
n=1

{
t

(
tj,θ′,t′−j

)
j,n

}
.

where we set κtj = κtj for every tj ∈ T j; moreover, let

κ

t

(
tj ,θ
′ ,t′−j

)
j,n

=

(
1− 1

n

)
κtj +

1
n

δ(
θ′,t′−j

), ∀n ∈N.

It is straightforward to verify that duw
j

(
t

(
tj,θ′,t′−j

)
j,n , tj

)
→ 0. Suppose instead that for

some agent i, and some pair of types ti and t′i in Ti, g neither strictly rewards truth-telling
at ti over t′i nor does ti always weakly dominate t′i in g, i.e.,

∑
(θ,t−i)∈Θ×T−i

[
ui
(

g(t′i, t−i), θ
)
− ui (g(ti, t−i), θ)

]
κti [(θ, ti)] ≥ 0 (1)

and for some t′−i ∈ T−i and θ′,

ui
(

g(t′i, t′′−i
)
− ui

(
g(ti, t′′−i

)
> 0. (2)

Since
∣∣T∣∣ < ∞ and f is truthfully continuously implementable by a DRM g with respect

to duw, for every agent j we have σj
(
tj,n
)
= tj for sufficiently large n. Hence, under σ−i,

by reporting t′i, agent i with type ti,n gets the interim expected payoff equal to(
1− 1

n

)
∑

(θ,t−i)∈Θ×T−i

ui
(

g(t′i, t−i), θ
)

κti [(θ, t−i)] +
1
n

ui
(

g(t′i, t′′−i
)

.

Then, by (1) and (2), for agent i with type ti,n, reporting t′i is strictly better than reporting
ti. This is a contradiction to σi (ti,n) = ti. �

PROOF OF THEOREM 1. (⇒) Observe that when a DRM g strictly rewards truthtelling at
ti over t′i, then t′i cannot always weakly dominate ti. Thus, it follows from Lemma 1 that if
f is truthfully continuously implementable by a DRM g, then t′i always weakly dominates
ti if and only if ti always weakly dominates t′i, i.e., they are strategically equivalent in the
sense of Definition 3.

(⇐)Let g be a DRM that truthfully continuously implements f in the sense of Definition
2. Hence, g (t) = f (t) for every t ∈ T. Now consider a model T ⊃ T .
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Note that we can pick ε > 0 such that for each i, and ti and t′i such that g strictly rewards
truthtelling, we have

(1− ε) ∑
(θ,t−i)∈Θ×T−i

[
ui (g(ti, t−i), θ)− ui

(
g(t′i, t−i), θ

)]
κti [(θ, t−i)] > εD. (3)

Here D is defined as
D ≡ max

i,t,t′,θ̃

∣∣ui
(

g (t) , θ̃
)
− ui

(
g
(
t′
)

, θ̃
)∣∣ . (4)

Moreover, we may decrease ε further so that the following two conditions are satisfied:
firstly, for any agent i and any ti and t′i, the

(
duw

i , ε
)
-ball around ti does not overlap with

the
(
duw

i , ε
)
-ball around t′i, i.e. these balls are disjoint; and secondly,

duw
i
(
t′′i , ti

)
< ε

=⇒ κt′′i

[
{(θ, t−i)}ε] ∈ [(1− ε)κti [(θ, ti)] , (1 + ε)κti [(θ, ti)]] (5)

where {(θ, t−i)}ε denotes the
(
duw
−i , ε

)
-ball around (θ, t−i). In words, consider any type t′′i

which is ε-close to the baseline type ti. For every (θ, t−i) baseline considers possible with
probability κti [(θ, t−i))], the type t′′i puts a close by belief on the set (θ, t−i)

ε consisting of
types (duw

−i , ε) close to t−i.
Consider the agent normal-form of the game U (M, T ) with the restriction that t′′i in

the
(
duw

i , ε
)
-ball around ti must report ti. Denote this game with restriction by U (M, T ).

Since T is countable and T is finite, a standard fixed-point argument implies that U (M, T )
has a BNE σ. By construction of U (M, T ), for any sequence duw (tn, t) → 0, we have
σ (tn) = t for n large enough.

Furthermore, σ is a BNE in the original game U (M, T ). To see this note that for any
agent i in the ε ball around ti, given that all other agents −i in the ε-ball around (θ, t−i)

are reporting t−i, the unique best response is to play ti. This follows due to (3) and (5).
Therefore, g truthfully continuously implements f with respect to duw. �

PROOF OF LEMMA 2. Suppose that f is continuously implementable w.r.t. duw by mech-
anismM = (M, g). Consider a model T = (T, κ) defined as follows. Let

Tj = T j
⊔ ⊔

(
θ′,tj,t′−j

)
∈T j×Θ×T−j

∞⊔
n=1

{
t

(
tj,θ′,t′−j

)
j,n

}
.

where we set κtj = κtj for every tj ∈ T j; moreover, let

κ

t

(
tj ,θ
′ ,t′−j

)
j,n

=

(
1− 1

n

)
κtj +

1
n

δ(
θ′,t′−j

), ∀n ∈N.
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It is straightforward to verify that duw
j

(
t

(
tj,θ′,t′−j

)
j,n , tj

)
→ 0. Since f is continuously

implementable w.r.t. duw byM, there is an equilibrium σ which continuously implements
f in U (M, T ). Since σ continuously implements f in U (M, T ), we have (a) σ|T is a
pure-strategy BNE in U

(
M, T

)
; (b) g (σ (tn)) → f (t) for any sequence of type profiles

{tn} ⊂ T and t ∈ T with d (tn, t)→ 0. Since T0 = T, it follows that

g (σ (t)) = f (t) , ∀t ∈ T. (6)

g
(

σi

(
t(

ti,θ′,t′−i)
i,n

)
, σ−i (t−i)

)
→ f (ti, t−i) , ∀t−i ∈ T−i (7)

Suppose to the contrary that for some agent i, the SCF f neither strictly rewards ti over
m′i; nor does ti always weakly dominate m′i in σ (or more precisely σ ≡ σ|T in U

(
M, T

)
),

i.e.,

∑
(θ,t−i)∈Θ×T−i

[
ui
(

g
(
m′i, σ−i (t−i)

)
), θ
)
− ui (g (σi (ti) , σ−i (t−i))), θ)

]
κti [(θ, t−i)] ≥ 0. (8)

and for some t′−i and θ′,

ui
(

g
(
m′i, σ−i (t−i)

)
), θ
)
− ui (g (σi (ti) , σ−i (t−i))), θ) > 0. (9)

First, under σ−i, by reporting m′i, agent i with type t(
ti,θ′,t′−i)

i,n gets the interim expected
payoff equal to (

1− 1
n

)
∑

(θ,t−i)∈Θ×T−i

ui
(

g(m′i, σ−i (t−i)), θ
)

κti [(θ, t−i)]

+
1
n

ui
(

g(m′i, σ−i
(
t′−i
)
), θ′

)
where the equality follows from (6). Second, by (7) for each t−i ∈ T−i, there is some

Mt−i
i ⊂ Mi such that for any sufficiently large n,

σi

(
t(

ti,θ′,t′−i)
i,n

) [
Mt−i

i

]
≥ 1− 1

2
∣∣T−i

∣∣ ;
g (mi, σ−i (t−i)) = f (ti, t−i) = g (σi (ti) , σ−i (t−i))), ∀mi ∈ Mt−i

i . (10)

Since T−i is finite, it follows that for sufficiently large n, we have

σi

(
t(

ti,θ′,t′−i)
i,n

) ⋂
t−i∈T−i

Mt−i
i

 ≥ ∑
t−i∈T−i

σi

(
t(

ti,θ′,t′−i)
i,n

) [
Mt−i

i

]
−
(∣∣T−i

∣∣− 1
)
> 0 (11)
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Finally, under σ−i, by reporting mi ∈
⋂

t−i∈T−i
Mt−i

i , agent i of type t(
ti,θ′,t′−i)

i,n gets the
interim expected payoff equal to(

1− 1
n

)
∑

(θ,t−i)∈Θ×T−i

ui (g(mi, σ−i (t−i)), θ) κti [(θ, t−i)]

+
1
n

ui
(

g(mi, σ−i
(
t′−i
)
), θ′

)
=

(
1− 1

n

)
∑

(θ,t−i)∈Θ×T−i

ui (g (σi (ti) , σ−i (t−i))), θ) κti [(θ, t−i)] +
1
n

ui
(

f
(
ti, t′−i

)
), θ′

)
where the equality follows from (10). Then, by (8), (9) and (11), agent i of type t(

ti,θ′,t′−i)
i,n

can profitably deviate by assigning the probability on
⋂

t−i∈T−i
Mt−i

i to m′i instead. This is
a contradiction to σ being a BNE. �

PROOF OF THEOREM 2. (⇒) Consider a mechanism where the message space of each
agent i is restricted to σi(Ti). By Lemma 2 and Theorem 1 such a mechanism clearly
truthfully continuously implements f . The implication now follows from Corollary 1.

(⇐) By Corollary 1, an scf f satisfying this condition is truthfully continuously imple-
mentable and therefore trivially, also continuously implementable. �

PROOF OF THEOREM 3. (⇐): Let T be a model with T ⊃ T . Since T is countable and
T is finite, a standard fixed-point argument implies that there is a BNE σ in the game
U (g, T ). Let σ̃ be the strategy profile in g̃ induced from σ, i.e., for each t ∈ T, we set
σ̃ (t) [t̃] = σ (t) [t̃] where t̃ is identified with the set of equivalent messages in the DRM g.
Since σ is a BNE in g, it follows that σ̃ is also a BNE in g̃.

Since R∞ (t, g̃) = {t̃} for t ∈ T, by the upper hemicontinuity of the rationalizable
correspondence R∞ (·, g̃) (see, e.g., Theorem 2 of Dekel, Fudenberg, and Morris (2006)),
there is some ε > 0 such that

dp
i
(
t′i, ti

)
< ε⇒ R∞

i
(
t′i, g̃

)
= {t̃i}

Since σ̃ is a BNE in g̃, it follows that σ̃i
(
t′i
)
= δt̃i

for any t′i ∈ Ti with dp
i
(
t′i, ti

)
< ε. Hence,

for any t′i ∈ supp σi (ti), we have that t′i is equivalent to t̃i.
This almost concludes the proof. For completeness, define a strategy profile σ′ in

U (g, T ) as

σ′i
(
t′i
)
≡
{

δt̃i
, if dp

i
(
t′i, ti

)
< ε;

σi
(
t′i
)

, otherwise.

Since σ is a BNE in U (g, T ), that σ′ is also a BNE. Moreover, g (t̃) = f (t) for every t ∈ T
and by construction σ′ also satisfies requirement (b) in Definition 2.
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(⇒): Fix a DRM g that truthfully continuously implements f w.r.t dp. Since f is truth-
fully continuously implementable by g w.r.t. dp, f is truthfully continuously implementable
by g w.r.t. duw. By Theorem 1 and Corollary 1, f is implementable in strict BNE in g̃.

The following lemma will be useful.

LEMMA 3. For each k ≥ 1 and ε ∈ (0, 1) , there is a countable model Tk,ε ⊃ T such that
Ti,0,ε ≡ Ti and Ti,k,ε ≡

(⊔
ti∈Ti

Rk
i (ti, g̃)

)⊔
Ti,k−1,ε.

Fix any BNE σ̃ of the the game U (g̃, Tk,ε) with σ̃ (t) = δt̃ for every t ∈ T. This model has
the property that for each type ti,k,ε

(
t̃′i, ti

)
(the type in Ti,k,ε that corresponds to

(
t̃′i, ti

)
such that

t̃′i ∈ Rk
i (ti, g̃)),

(1) dk
i

(
tk
i,k,ε

(
t̃′i, ti

)
, tk

i

)
< ε;

(2) σ̃i
(
ti,k,ε

(
t̃′i, ti

))
= δt̃i

.

This lemma appears a little convoluted but is at the heart of our proof. It constructs a
countable model Tk,ε with following property:

Consider any Bayes Nash equilibrium σ̃ of the game of incomplete information U(g̃, Tk,ε)

with the property that types in T all report their type “ truthfully.” In other words, each
type ti sends the reduced normal form message t̃i in g̃ corresponding to the equivalence
class which the type ti falls in. Further, consider any message t̃′i ∈ Rk

i (ti, g̃), i.e. any mes-
sage that survives up to k rounds of iterated deletion of never best response in g̃ for type
ti of player i.

The model Tk,ε is constructed such that there exists a type of player i, ti,k,ε
(
t̃′i, ti

)
that is

ε-close to ti in their k-th-order beliefs; moreover, player i of type ti,k,ε
(
t̃′i, ti

)
must play t̃i

under the BNE σ̃.
Before we present the proof of Lemma 3, let us conclude the now routine proof of

Theorem 3. Consider the countable model T where Ti =
⊔∞

k=1 Ti,k, 1
k

and Tk, 1
k

is given as
in Lemma 3.

Since f is truthfully continuously implementable w.r.t. dp, there is a BNE σ in the game
U (g, T ) such that requirements (a) and (b) in Definition 2 hold. Again, σ induces a BNE
σ̃ in g̃. Since σ (t) = δt̃ by requirement (b) of Definition 2, we have σ̃ (t) = δt̃.

Thus, it follows from Lemma 3 that for each t̃′i ∈ R∞
i (ti, g̃), for each k, there is a type

ti,k, 1
k

(
t̃′i, ti

)
∈ Ti such that

dk
i

(
ti,k, 1

k

(
t̃′i, ti

)
, tk

i

)
≤ 1

k
, (12)

and
σ̃i

(
ti,k, 1

k

(
t̃′i, ti

))
= δt̃i

.
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It follows from (12) that dp
i

(
ti,k, 1

k

(
t̃′i, ti

)
, ti

)
→ 0. Since σ satisfies requirement (b) in

Definition 2, we know that it must be the case that σi

(
ti,k, 1

k

(
t̃′i, ti

))
= δt̃i

for any k large

enough. Hence, t̃′i = t̃i.
Finally, since t̃′i ∈ R∞

i (ti, g̃) is arbitrary, we conclude that t̃i is the unique rationalizable
message profile at t in g̃. �

PROOF OF LEMMA 3. Formally, fix ε ∈ (0, 1) and we prove the claim by induction. First,
the claim trivially holds for k = 0. Now we prove the claim for k ≥ 1, assuming that
it holds for k − 1. Denote by T̃i the messages of agent i in the reduced-form g̃, namely
T̃i ≡

{
t̃i : ti ∈ Ti

}
. By definition, each t̃′i ∈ Rk

i (ti, g̃) is a best response to some belief
µ−i ∈ ∆

(
Θ× T−i × T̃−i

)
such that:

margΘ×T−i
µ−i = κti ,

and µ−i

({(
θ, t−i, t̃′−i

)
: t̃′−i ∈ Rk−1

−i (t−i, g̃)
})

= 1.

By the induction hypothesis, there is a mapping η−i,k−1,ε from each t−i ∈ T−i and t̃′−i ∈
Rk−1
−i (t−i, g̃) to a type t−i,k−1,ε

(
t̃′−i, t−i

)
such that (1) and (2) in Lemma 3 hold.

Since t̃′i is in the reduced form g̃ of the DRM g, t̃′i is the equivalent class which includes
some t′i ∈ Ti. Then, define κti,k,ε(t̃′i ,ti)

∈ ∆ (Θ× T−i,k,ε)

κti,k,ε(t̃′i ,ti)
= (1− ε)

(
µ−i ◦ η−1

−i,k−1,ε

)
+ εκt′i

.

That is, with probability (1− ε), type ti,k,ε
(
t̃′i, ti

)
believes that the state and the oppo-

nents’ types follow a distribution that is induced from µ−i (in which each t−i,k−1,ε
(
t̃′−i, t−i

)
plays σ̃−i

(
t−i,k−1,ε

(
t̃′−i, t−i

))
= δt̃−i

by the induction hypothesis); with probability ε,
type ti,k,ε

(
t̃′i, ti

)
has the same belief as type t′i. Since t̃′i is a best response against µ−i

and the strict/ unique best response against κt′i
in g̃ (by Corollary 1), it follows that

σ̃i
(
ti,k,ε

(
t̃′i, ti

))
= δt̃i

. Moreover, since

dk−1
−i

(
t−i,k−1,ε

(
t̃′−i, t−i

)
, tk−1
−i

)
< ε,

we have that dk
i

(
tk
i,k,ε

(
t̃′i, ti

)
, tk

i

)
< ε. �

PROOF OF THEOREM 5. SinceM = (M, g) continuously implements f w.r.t. dp, by The-
orem 4, we may assume without loss of generality that M strictly continuously imple-
ments f w.r.t. dp. We start by proving the following key lemma.
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LEMMA 4. For each pure-strategy strict BNE σ in U
(
M, T

)
and k ≥ 0, there is a model T σ

k ⊃
T such that Ti,0 ≡ Ti and

Tσ
i,k ≡

 ⊔
ti∈Ti

Wk
i (ti,M)

⊔ Tσ
i,k−1.

Fix any BNE σ of the the game U
(
M, T σ

k
)

such that σ|T = σ. This model has the property
that for each type ti,k (mi, ti) (the type in Ti,k that corresponds to mi ∈Wk

i (ti,M)),
(1) tk

i,k (mi, ti) = tk
i ;

(2) σi (ti,k (mi, ti)) = δmi .

Consider any message mi ∈ Wk
i (ti,M), i.e. any message that survives up to k rounds

of iterated deletion of never best response inM for type ti of player i. The model T σ
k is

constructed such that there exists a type of player i, ti,k (mi, ti) that has the same k-th-order
beliefs; moreover, player i of type ti,k (mi, ti) must play mi under the BNE σ.

Before we present the proof of Lemma 4, let us conclude the now routine proof of
Theorem 5. Consider the countable model T where

Ti =
⊔

σ is a pure-strategy strict BNE in U(M,T )

(
∞⊔

k=0

Tσ
i,k

)

and Tσ
i,k is given as in Lemma 4. Since M strictly continuously implements f w.r.t. dp,

there is some BNE σ which strictly continuously implements f in U (M, T ). Hence, σ|T
is a pure-strategy strict BNE in U

(
M, T

)
. It follows from Lemma 4 that for each k and

each mi ∈Wk
i (ti,M), there is a type tk

i,k (mi, ti) ∈ Ti such that

tk
i,k (mi, ti) = tk

i (13)

and
σi (ti,k (mi, ti)) = δmi .

It follows from (13) that dp
i (ti,k (mi, ti) , ti) → 0. SinceM strictly continuously imple-

ments f , we know that it must be the case that g (σ (tk (m, t)))→ f (t). Since σ (tk (m, t)) =
m, it follows that g (m) = f (t) for every m ∈W∞ (t,M). �

PROOF OF LEMMA 4. First, since σ|T = σ, the claim trivially holds for k = 0. Now
we prove the claim for k ≥ 1, assuming that it holds for k − 1. By definition, each
mi ∈ Wk

i (ti,M) is a strict best response to some belief µ−i ∈ ∆
(
Θ× T−i ×M−i

)
such

that marg Θ×T−i
µ−i = κti and µ−i

({
(θ, t−i, m−i) : m−i ∈Wk−1

−i (t−i,M)
})

= 1. By

the induction hypothesis, there is a mapping η−i,k−1 from each t−i ∈ T−i and m−i ∈
Wk−1
−i (t−i,M) to a type t−i,k−1 (m−i, t−i) such that (1) and (2) in Lemma 4 holds. Define
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κti,k(mi,ti)
∈ ∆

(
Θ× Tσ

−i,k

)
as

κti,k(mi,ti)
= µ−i ◦ η−1

−i,k−1.

That is, type ti,k (mi, ti) believes that the state and the opponents’ types follow a dis-
tribution that is induced from µ−i (in which each t−i,k−1 (m−i, t−i) plays m−i in BNE
σ by the induction hypothesis). Since mi is a best response against µ−i, it follows that
σi (ti,k (mi, ti)) = δmi . Moreover, since tk−1

−i,k−1 (m−i, t−i) = tk−1
−i , we have that tk

i,k (mi, ti) =

tk
i . �
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